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Abstract

This projectis a feasibility study of usinga spherical
mirror asa formationreferencdor the SMART-2 mis-

sion. A lasermetrologysystemis usedfor SMART-2.

It is investigatedf a simplenon-stabilizedpheresatel-
lite, canbe usedasa referencefor the SMART-2 for-

mation, which will increasethe quality of the demon-
stratedformationcapabilitiesof SMART-2. In addition
the predefinedequirement®f the sensorandactuator
hardwareareevaluated.

A mathematicabknalysisis donein orderto describe
and analyze the systemin the simulation program
Xmath. Theattitudeandpositiondynamicsof thesatel-
litesarederived. In additiona Kalmanfilter with steady
stategainis derived asestimatorof the measurements,.
Finally a simpleLQG controllerhasbeendesignedis-
ing Xmath.

It is concludedthat the sphericalmirror amplifiesthe
errorangleof theincominglaserbeamby a factorthat
makesmountingpracticallyimpossible,dueto there-
quirementof precision.Disregardingthe in-feasibility
of thelasermetrologysystemwhenusedwith a spher
ical mirror, theestimatorandcontrollerhave beensim-
ulated. It is concludedhatthe requirement®f the at-
titude hardwareshouldbe 5aswhenusedwith the de-
signedcontroller Howeverthisis to be confirmedwith
othercontrollers.
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SymbolsandDefinitions

Thefollowing definitionsandsymbolsareusedin thereport.

Definitions

Vectorsaredenotedvith lower casebold: v

Thedirectionof thevectorw is representedly the unit vectorin thatdirectiondenotedas: v
Thelengthof vectorwv is denotedas: |v|

Theestimateof vectorv is denotedas: o*

Theworking pointof vectorw is denotedas: v

Thesmallsignalof vectorwv is denotedas: v

Matricesaredenotedwith uppercaséold: M
Crossproductmatricesaredenoteds: S (v)

Thetransposeds denotedwith a superscripf: MT

Therotationfrom frameb to frames is representetly arotationmatrixas: A;
Quaternionaredenoteds: q

Thescalarpartof aquaterniony is denoteds: ¢,

Thevector/complg partof a quaterniony is denotedas:q,_4

The comple conjugatedf ¢ is denotedvith anasterisk:g*

Vectorwv in frameb is denotedas:

Thetime derivative of avectorv in frameb but givenin frames is denotedas: (9°)”

1The * operatoris usedfor both unit vector and estimateso maintainnotationalagreement. The
functionof the operatorshouldbeclearby the context.
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Symbols

Laserbeamfrom satelliteto sphere
Reflectedaserbeamfrom sphereo satellite
Referencepositionof laserframe
Positionof thereflectionpoint

Relative positionof satellitewith respecto thesphericalmirror
Positionof sphere

Positionof chaser

Errorin satelliteposition

Vectorfrom origin of satelliteframeto origin of laserframe
Baseline

Signalsourcdine-of-sight

Vectorfrom centerof massto centerof pressure
Solarforce

Forceof solarflux

Sumof externalforces

Controlforce

Solaracceleration

Measurementector

Angularvelocity of satellite
Angularvelocity of orbit frame
Satelliteattitudequaternion

Statevector

Inputvector

Measurementector

Processoise

Measurementoise

Sumof externaltorques

Controltorque

Sphereaadius

Sunscreemadius

Massof sphere

Massof chaser

Measuredlistanceof optical path
Laserpitchmeasuredrom the CCD plane
Rotationof thelaserframe
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Inertialframe

Spherdrame

Laserframe

Satelliteframe
Satellitebodyframe

CCD planeframe

Orbitframe

n by n matrix of zero-elements
n by n identity matrix
Non-linearsystemmatrix
Linearizedsystemmatrix
Inputsystemmatrix
Measuremenatrix
Momentof inertia
Kalmangainmatrix
Angularmomentum
Covariancematrix
Processoisecovariancematrix

Measurememntoisecovariancematrix

Stateweighingmatrix
Inputweighingmatrix
Feedbaclkgainmatrix
JacobiarMatrix of %2sulr)
Kroneckersdeltafunction

Dirac's deltafunction
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Chapter 1

Introduction

This projectis a study of using a lasermetrologysystemwith a reflectingspherical
satellite,for a technicaldemonstratiomissionof the EuropearSpaceAgeng (ESA),
namedSMART-2. The SMART-2 missionprecedeshe possiblecornerstonenissionof
ESAnamedDARWIN.

The following is a short descriptionof the conceptsof the DARWIN missionand a
descriptionof the SMART-2 mission. The projectis outlinedanda solutionstratgy is
presented.

1.1 DARWIN

The DARWIN missions main objective is planetdetection. The DARWIN formation
of satellitessearchesor planetsorbiting otherstarsthanthe Sun,andidentifiesEarth-
like planetswhich could supportlife aswe know it. DARWIN usesinterferometryto
rejectthe bright light from a target star which makesthe light from a nearbyplanet
detectable. The interferometerrequiresfree flying telescopesatellitesin a precisely
controlledformation.As mary of thetechnologiemeededor themissionhave notbeen
usedpreviously, a demonstratiormissionnamedSMART-2, mustprove the feasibility
of the DARWIN mission.

AppendixA on pagelllis abrief presentatiorof the systemelementsandtermsused
for the DARWIN mission.

15



16 Intr oduction

1.2 SMART-2

Precedinghe DARWIN mission,a testof hardwares necessaryn orderto verify the
expectedperformanceof the sensorsandactuatorsntendedfor use. Someof the new
technologiesvill beusedin othermissiongi.e. NGST, SIM andFIRSTPLANCK [ES,
5]), andsomehave to betestedon the ESA demonstratiomissionSMART-2.

The SMART-2 missionis anESAdemonstratiomission thatmustprove thefeasibility
of future missions,including DARWIN. This documents solely concernedwith the
technologydemonstratiorior DARWIN, anda referenceo SMART-2 shouldbe read
asareferenceo the partof SMART-2 thatis intendedor the DARWIN mission.

For testingthe high precisionformationflying usedn DARWIN, the SMART-2 mission
will launchtwo satellites. Thoughthreesatellitesvould berequiredto testplanarpoint-
ing, only two areavailabledueto economicatonsiderationsln orderto testthe planar
formation,a reflectingspherewill be usedasthird referencelt is to be shavn thatthe
control systemof the two satellites,is ableto positionthe satelliteswith referenceto
the sphere pointing the normalto the formation planewithin the requirement®f the
DARWIN mission.

SMART-2 mustdemonstratéhe useof the following systemgCAS, 2000]:

Formationflying control

— Metrologyfor relative translationrmeasurement
— Actuatorsof micro Newton thrustlevel
— Controllaws to theon-boardsystenmfor formationflying

Veryprecisecontrolof thedistancedetweerindividualtelescopeandthecentral
hubt

Performbroad-bandnterferometryin the nearinfrared(NIR)

— Opticalcomponents
— Thermalcontrol

— High sensitvity detectors

Achromaticphase-shiftingn the NIR

1SeeAppendixA for anexplanationof the hubsatellite.
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1.3 Outlines of This Project

The outlinesof this projectare basedon the studyof positionand attitudecontrol of
thesatellitesandwill asaconsequenceotincludethe challenge®f fine opticsfor the
interferometeandthermalaspect®f such. The developmentof the necessargensors
and actuatorsusedfor the control systemswill also not be includedin the project,

howeveraninvestigatiorof thecontrolsystemshouldeadto requirementsf necessary
hardware.

Formationestablishmerdndcollision avoidanceis alsonotin theframeof this project,
but the ability to hold aformationwithin requirementshouldbe demonstrated.

Initial Problems

The primary goal of the SMART-2 missionis to demonstratéormationflying. Thisis

to be accomplishedisingtwo or threesatellites.Due to economicakonsiderationsa

two satellitemissionis suggestedThis limits the demonstratiof formationflying, as
two satellitesonly spana line, andthe planarpointing systemneededor DARWIN is

thereforenot shavn. An ideais to useareflectingspherewvhichthetwo satellitesmust
useasreferencdor theformationconfiguration.The studyof this projectwill bebased
onthis conceptwhich leadsto the problemformulationof this project:

This projectis astudyof the SMART-2 demonstratiomissionby ESA, based
on two satellitesand a referencesphere. It shouldanalyzethe requirements
of suchareflectingreferencespherewrt. stabilization,controlandgeometric
precision,uponan analysisof the systemandthe designof a control system.
Basedon theresultsof suchrequirementsthe choiceof usingathird satellite
insteadof a reflectingsphereshouldbe clarified. The control systemshould
prove thefeasibility of thecontrolrequirement®r extendtherequirementgor
sensol@ndactuatohardware.

1.4 Solution Strategy

Thefeasibility studyof theformationflying andhigh precisioncontrolof theformation,
basedntwo satellitesandaspherewill includeaninvestigationn thefollowing areas:

¢ ldentificationof sensorsand actuators pasedon the proposedhardwareof the
DARWIN andSMART-2 missions.
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An analysisof the lasermetrologysystem proposedor the relative positioning
andattitudecontrol,usedwith thereflectve referencesphere.

Modelingof satellitedynamicsanddisturbances.
Modelingof sensorandactuators.
Designof controllersandestimators.

Verification of controllerswrt. systemrequirementor formulationof new re-
guirementgo sensoand/oractuatohardware.



Chapter

SystemDescription

This chapteris a descriptionof the SMART-2 systemcomponentsandtheir function.
Thesystemconsistof two fully equippedsatellitesandasinglesatellite, whichisto be
keptassimpleaspossible.In orderto controlthe formationwith high precisionalaser
metrologysystemis proposed.This systemrequiresan optical path,in which a laser
beamis pointedtowardsanothersatellite. A chage coupleddevice (CCD) is usedto
measuravherethelaserbeamhits thetargetedsatellite,in orderto estimatetherelative
translationamotionbetweerthetwo satellites.

In orderto acquirethe optical an omni-directionaimetrologysystemis necessaryAn
omni-directionabystenmsuggestshe useof aradiofrequeng (RF) signals.Theattitude
of theindividual satellitess measuredisingstartrackers.

Basedon the choiceof an optical lasermetrology system,the simple third satellite
is chosento be a reflectingsphere. Choosinga sphericalshapedsatellite meansthat

therewill be no stabilizationrequirement®f the satellite. Henceno thrustersor star
trackersandthussolarpanels areneededReflectingthelaserbeam movesthe sensor
equipmentirom the “recewving” satelliteto the transmittingsatellite. The equipment
neededn the spheresatelliteis limited to a transmittingRF source. This equipment
mustbe poweredby batteries becausery externaldevices,like solarpanels,would

resultin stabilizationrequirement®f the spheresatellite.

Basedontheabore, the overall systemelementcanbesummarized:

¢ The formation consistsof two fully equippedsatellites,and a simple spherical
satellite.In thisprojectthesearereferredo asthesatellitesandthespheresatellite
or justsphererespectrely.

¢ Theformationis controlledusinglasermetrology Both transmittersindrecevers
aremountedon thefully equippedsatellites.The spheresatellitesimply reflects

19



20 SystemDescription

thelaserbeamso thesensor®nthe othertwo satellites.

¢ Theinitial conditionsof thelasermetrologysystem areacquiredusinganomni-
directionalRF metrologysystem.In orderto detectthe spheresatellite,a trans-
mitter mustbe mountednsidethe sphereln addition,batteriesnustbe mounted
insidethe sphereto powerthe RF transmitter

2.1 The Formation

Thetwo baselineshavn in Figure2.1, betweernthethreesatellitesof SMART-2, span
theformationplane.Thenormalto thisplane s to bepointedtowardssomegiventarget

star Thisdirectionis thetargetstarline of sight(LOS). Thiswill enablethetelescope
satellites,usedin DARWIN, to detectplanetsorbiting the target star In orderto use

interferometrythe lengthof the baselinesn the formationmustalsobe controlled.

Theattitudesof the satellitesaremeasuredisingstartrackers.Thetranslationerrorsof
thesatellitescausingormationmis-configurationareestimatedisingthelasermetrol-
ogy system.

Plane normal

Target star

Baseline

; Satellite
Baseline

Satellite

Figure2.1 Overviav of thesatelliteformation. Theplanespannedytheformationhas
anormal,thatis parallel to thetargetstar LOS.

2.2 RF Metrology

Whenthethreesatellitesof SMART-2 aredeployedtheopticalpathof thelasermetrol-
ogy systemmustbe establishedln Figure2.2the sphereandonesatelliteis illustrated.
The laserleaves the satellitein a known direction. A signalis transmittedfrom the
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sphereanda recever in the satellitemustestimatea sphereLOS. Knowing the direc-
tion of thespheretheattitudeof the satellitemustbe controlledto pointthelaserbeam
towardsthe sphere Whenthe laserbeamis reflectedrom the sphereandthereflected
laserbeamis directedbackto the satellite the lasermetrologysystemcanbeactivated.

RF signal Satellite

Spi‘w\ere LOS

Sphere /Laser beam/

Figure2.2 TheRF metologysystemusesa transmittermountednsidethesphee. The
receiverat the satellite estimateshe sphee LOS and an optical path is
acquiredfor thelasermetiologysystem.

2.3 Laser Metrology

Thelasermetrologysystem consistof alasersourceanda CCD. The CCD measures
thereturnpoint of thereflectedlaserbeam. In additionthe lengthof the optical path,
thatis thedistancehelaserlight travelsto thesphereandbackto theCCD,is measured.
The measurementdependon both the attitudeandthe translationof the satellite,but
sincethe attitude of the satelliteis acquiredusing star trackers the transitioncanbe
decoupledrom themeasurements.

Satellite

Laser beam

Sphere

Figure2.3 Thelasermetologysystenusesa CCDto measue whee thereflectedaser
beamhits the satellite In additionthe distanceof the optical pathis mea-
sured. Proportionsin thefigure are exaggeated.



22

SystemDescription




Chapter

Analysis

In this chapterthe metrologysystemsareanalyzednathematicallyFirst the equations
neededo obtainthe translationerror arederived, followed by a the modelneededor
the simulator which givesthe measurement®asedon the simulatedtranslationerror.
Finally a RF metrologysystemis analyzed.

3.1 Laser Metrology

This sectionis a mathematicatlescriptionof the lasermetrologysystem usedfor sen-
soringformation perturbations.The systemis differentfrom that usedbetweenthree
fully equippedsatellites,asthe laseris reflectedby a sphere,insteadof being mea-
sureddirectly on the targetedsatellite. A sphericalgeometryis usedto minimize the
stabilizationrequirementsf the simplifiedsatellite.

Figure 3.1 gives an overvien of the system. The satellitesreferencepositionis the

vectorr|y andtheerrorto thetrue positionis r.. Thereflectionoccurringonthesphere
is definedby the tangentplaneat the reflectionpoint »,. Thelaserbeamsentfrom the

satelliteatanangley in thex, 2, planeis denotedr;, andthereflectedoeamis denoted
rout- 1he normalto the tangentplaneis the vectorn andthe radiusof the sphereis

denotedRy,.

The framesplacedat the centerof the sphereandthe laserexit point on the satellite
respectrely, aredefinedin thefollowing section.

23



24 Analysis

Sphere Z,

Reflection point

Figure 3.1 Overviav of the laser metology systemshowingthe laser beamr;,, sent
towardsthesphee fromthesatellite,andthereflectedaserbeamr,,. Both
are functionsof the satellite's attitudeandthe positionerror ..

Frames

Two framesare usedto describethe lasermetrologysystem. The laserframeandthe
spherdrame.

Sphere Frame

The sphereframe s the referenceframe of the formation. Its origin is at the center
of the sphere.The axesof the system,zy,, y,, and z,, aredefinedby the direction of

the starfixed referencesystem,in which the satelliteattitudesare measuredisingstar
trackers.Hencethe attitudeof the satellitesareknown in this frame. The spherdrame
is illustratedin Figure3.2,togethemwith the starfixedframespannedy xq, y, andzo,

definingthe orientationof xy, y, andzp.

Laser Frame

Thelaserframe’s origin is at the point wherethe laserbeamexits the planedefinedby
the surfaceof the CCD sensar The z; axisis a normalto this plane,andthe z; axisis
in the planespannedy the x| vectorandtheexiting laserbeanw;,, andpointingin the
oppositedirectionasthe projectionof »;, onto the planeof the CCD surface. Figure
3.3 illustratesthe laserframe. The projectionof ri, ontothe CCD planeis denoted
P, in Figure3.3. If the projectionis the zerovector, thatis when~ is zero, z, is the
negative directionvectorto afixed point on the CCD sensar The y, axisis formedin
right handedsystem.
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Target star

Target sta
LOS

Yo

X
Star fixed frame °

Figure 3.2 Definitionof thesphee frame

Figure 3.3 Definitionof thelaserframe



26 Analysis

Estimating Satellite Translation

Thelasermetrologysystemis basedn a known attitudeof the satellite,which is mea-
suredusingstartrackers.Sincethe attitudeof the satelliteis known, the attitudeof the
laserframeis alsoknown, becausdoth systemdollow the attitudeof the satellite,and
the fixed attitudebetweerthe satelliteandthe laserframeis known. Figure3.4 shavs
the pathof thelaserbeam,r;, andr,, andthe vectorm measuredisinga CCD. The
vectorm is measuredn the laserframe. However sincethe attitudeof the satelliteis
known, it is alsogiveninertially, hencethe calculationscanbe donein eitherframe.

Figure 3.4 The measuementvector m measued in the laser frame, usinga CCD
mountedn the satellite

The lasermetrology systemalso measureghe length of the optical path denotedd,
giving

Givenm, d andthe attitudeof the satellite,the positionrelative to the sphereis esti-
mated.

Thedirectionof =i, is representedy the unit vector;,. Knowing the exit anglev, i,
is givenby

cos(v)
Pn=| O (3.2)
—sin(7)

Notethatthe laserframeis definedin away thatmakesthe seconcelementof i, zero.
Usingcosinerelationson thetriangleformedby ri,, ot andm, yields
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T
Poul? = [ril” + [m* — 2|ri| [ m]cos(5 — ) (33)

FromEquation3.1it is clearthat

|Pout] = d — |7in] (3.4

which combinedwith Equation3.3gives

™
(d = [rl)* = vl + |m|* = 2] I m] cOs( 5 — )

0
& = 2d[ry| = [m* = 2|ry| [m]cos( —7)
0
2|ril[m]cos(5 — ) = 2d|ra| = [m* - &
0
2|7l [|mlcos(5 —7) — d| = Im[* -
0

m|* — &

ol = 2 fmlcos(z =) =

(3.5)

Giventhedirectionandlengthof »;, from Equations3.2and3.5respectrely, thevector
is acquiredoy

Tin

Tin = |7°in

B |m|2 _ CO%(’Y) (3.6)
~ 2[|m|cos(Z — ) — d _sin(y) '

FromFigure3.4it is clearthat

Pout = MM — Tip (3.7)
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Sincetheattitudeof thelaserframerelative to the spherdrameis known, all vectorsare
known in bothframes.Recallthattheattitudeof thelaserframeis givenby the attitude
of thesatelliteanda fixedrotation.

If theattitudematrix A} representshe attitudeof the laserframerelative to the sphere
frame,thevectorsr?, andr? , in thespherdramearegivenby

Tibn = (Aé)T"'iln (38)
T
Tgut: (Aé) Tﬁ)ut (39)

wherer! andrl , aregivenin the laserframe,and (Aé)T is equivalentto A?. If the
superscripts not givenin the following equationsthe vectorsaregivenin the sphere
frame.

In Figure3.5it canbe seenthatin orderto calculatethe translationerror ». from the
known referencer|y the vectorr,, which is the vectorto the reflectionpoint, mustbe
found. Knowing thevectorsr;, andr, thereflectionpointonthespherecanbefound
from theanglebetweerthevectors.

Figure 3.5 Thevectorsneededo calculatethetranslationerror ..

Thelengthof », is theradiusof the sphereandthe directionis the sameasthe normal
to thetangentplaneat thereflectionpoint. The unit normalvectorn canbe calculated

by

n — —out — Tin_ (3.10)

"A°out - 1A"in|

That Equation3.10 holds canbe seenfrom figures3.6 and3.7. The framein Figure
3.6 hasorigin at the reflectionpoint, andthe x, axisis a normalto the tangentplane
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spannedy the y, andz, axes. It is clearthatthe anglebetweerthe projectionsof the
incomingandexiting laserbeamsontothe y, z, planeis =. This meanghatthe , axis
is alwaysin thesubspacespannedy ri, andrq, unlesghetwo vectorsareparallel,in
which casenoreflectionoccurs.

Yr

Figure 3.6 Reflectiorof a laserbeamon theyz tangentplanewith normal .

Figure 3.7 illustratesthe sumof to equallengthvectors. The anglebetweenthe two
vectorsis 2a whichis thecasen areflection,asshavnin Figure3.6. It is clearthatthe
sumof ri, andr, is avectorangledequallybetweerthe two.

Mol

Figure 3.7. Thesumof two equallengthvectors.

Realizingfrom Figures3.6and3.7,that

rL= —7i (3.11)

andnormalizingall vectorsto unit vectors,Equation3.10is shavn. Sincethenormal-
ized sumof r;, andr, is equallyangledbetweerthe two andin the samesubspace,
thevectoris anormalto thetangeniplaneof the sphereat thereflectionpoint.
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Knowing the planenormaln, the vectorr, is givenby

rr— Ryn
Tout — Ti
= Ry (3.13)
Tout — T'in|

whereR,;, is theradiusof thesphere FromFigure3.5it is clearthat

rr =70+ T+ Tin (3.14)

which solvedfor r,, yields

Te =T — 0 — Tin (3.15)

wherer, is givenin Equation3.13andr, in Equation3.6. Notethatr, andrg, are
obtainedn thelaserframe,andmustberotatedto the spherdrameusingEquations3.8
and3.9, whenusedin Equation3.13andEquation3.15. Equation3.15is the sought
translationakrrorof the satellite to its referenceposition.

Placingthe Laser on the Satellite

A problemariseswhenplacingthelaseron the satellite,sincethe pointwherethe laser
beamexits the satellitemustbe cleared.This meanghatthereflectingbeamcannotbe
measureat this point, sincea CCD in this placewould block thelaser The problemis
illustratedin Figure3.8.

N N
Cin r out
Laser beam

Satellite Sphere

Figure 3.8 Bad configuation. Thereflectedlaser beamcannotbe measued, sincea
CCDwouldblod the optical path.

In orderto overcomethis problem,the lasermustbe eithermoved, angledor both, as
illustratedin Figure3.9. Thelaserbeamhasbeenmovedto a cornerof the satellite,and
angledin orderto keepthenreflectedbeamon the sideof the satellite. Theangle~ in
theprevioussection s introducedor this purpose.
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Laser beam

Satellite Sphere

Figure 3.9 Goodconfiguation. Thereflectedaserbeamis notnearthelaserexit point
of thesatellite

Calculating ReferenceVector and Attitude

The fixed rotationandtranslationof the laserframe canbe calculatedwhenthe laser
hasbeenplacedon the satellite. Usually a satelliteis controlledusinga satelliteframe,

e.g. placedcorvenientlyfrom a dynamicspoint of view. Hencethe referenceattitude
andpositionarealsogivenin this frame. Sincethe laserframeis alsoplacedat a fixed

point on the satellite ,the rotationandtranslationbetweerthe two framesareconstant,
hencethereferenceganbegivenin thisframe.

Definean arbitraryframe on the satelliteby the vectorszs, y, and zs, which hasthe
known referencevectorr.

Laser exit point
Satellite

X

Laser beam zy

Xp

Sphefe center

Figure3.1Q Obtainingtherefeencevectorofthelaserframe,giventherefeenceof the
satelliteframeandtheknownplacementf thelaserexit point.

Theframeis illustratedtogethemwith the laserframeandsphereframein Figure3.10.
Thesatelliteframeis to beplacedatreferencgositionr,. Theestimatiorof thetrans-
lation errorrequiresthatthis references modifiedto areferencdor thelaserframe.

FromFigure3.10it is seerthatthereferenceof thelaserframerg is givenby
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Tio = Pso+ Tis (3.16)

Sincethe positionof thelaserframeis corvenientlygivenin the satelliteframe,Equa-
tion 3.16is written

rio = rso+ (A7%) s (3.17)

whereA;° denoteghe attitudeof the satellites referenceframe,denoteds0, relative to
thespherdrame.

As with thereferenceposition,thereferencattitudeof the satellitemustalsobe modi-
fiedinto areferencdor thelaserframe.

From the definition of the laserframe, it is known thatthe attitudeof the laserframe
relative to thesatelliteframewill beafunctionof theangley. It is alsoafunctionof the
orientationof the CCD planeframespannedy z,, y, andz; illustratedin Figure3.11.

Theplaneframerepresentshe orientationof the satellitesurface pnwhichthe CCD s
mounted. The attitudeof the planeframerelative to the satelliteframeis givenwhen
the sideof thesatellite,on which to mountthelaser is chosenandis denotedA?.

,,,,,,,,,,,,,,,,,,,

7o)
Laser beam

__.-—---- Reflected laser beam

Figure3.11 Obtainingthe attitude of the laser frame,giventhe yaw > and pitch ¢ in
theplaneframeof the exiting laserbeam.

Theangley is apitchin thelaserframe,but canalsobe expressedsayaw andpitchin
theplaneframe,givenby theangles)/ and¢ respectiely. Therotationof thelaserframe
relative to the planeframeis arotationa aboutthe z, axisgivenby theangles) and¢
(Figure3.11). Theanglesy and¢ definethe directionof =i, in sphericalcoordinates.
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Theunitvectorpointingin thesamedirectionandcorvertedinto Cartesiarcoordinates,
is givenby

¢) sin(y) (3.18)

in the planeframe. The angle« is the anglebetweenrthe projectionof —#;, ontothe
ypzp planeandthe z, axis. Note thatthe z| vectoris in factequalto —7i,, givenby the
definitionof the laserframein Section3.1 unlessy) and¢ arezero. The projectionof
—#in ontothey,zp,, denotedz7, is by definitionof Cartesiarcoordinates

zf = |=sin(F + ¢) sin(y) (3.19)
3
Theanglebetweenz{ andz, is for two unit vectors

a = cos™! ((zf”)sz) (3.20)

The exceptionis whenthe projectionz; is the zerovector which is the casewhen)
and¢ arezero. Thenz] is insteaddefinedin Section3.1to bein the negative direction
of a fixedpoint onthe CCD sensar Hencea is in this casegiven by the placemenbf
theCCD sensar

Theattitudematrix A, describingherotationa of thelaserframeaboutthez, axis, is
givenby

1 0 0
Al = [0 cos(a) sin(a) (3.21)
0 —sin(a) cos(«)

Thesoughfattitudeof thelaserplanerelative to thesatelliteplanecannow becalculated,
andis givenby thematrix

I I
A=Al Ay (3.22)
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3.2 Simulation Model

In Section3.1 a methodfor estimatingthe satellitetranslationbasedon the measure-
mentsis derived. Whensimulatingthe system,a methodfor calculatingthe measure-
mentsbasedn the simulatedranslations sought.

In Figure 3.1 on page24 two framesare illustrated. Sincethe attitude of the laser
frameis known, the directionof r;, is known in the sphereframe, representetby the

unit vectorj,. Giventhe referencepositionry andthe translationr,, the parameter
equationof thelaserbeamexiting the satelliteis

=[ro+r]+Pnp, peR (3.23)

[SERSSE

wherep is afree parameterThe equationof the spheresurfacecenteredatthe origin of
thespherdrameis

X
Yy y| = Rﬁ (3.24)
z

where Ry, is the radiusof the sphere. In orderto find the reflectionpoint, given by
the vectorr,, thevalueof parametep in Equation3.23 at the surfaceof the spherds
sought.InsertingEquation3.23in 3.24yields

[(ro+7r.) + f‘inP]T [(r10 + 7e) + Pinp] = R%
[(rio+ 7)T + i) [(ri0 + 70) + Fiop] = R

(P10 +7.)" (rio +7.) + [T‘L (rio+7) + (ro+7.)" f'in] p+ #p#inp’ = RY

which givesthe secondrderpolynomialequation

P Finp? 4 [fﬂ (ro+7e) + (Po+ 7)) fwn] p+(ro+7r) (ro+r)—RE=0

(3.25)
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Therootsof thisequationcorrespond$o thetwo pointswheretheline of Equation3.23
is on the surfaceof the sphere.Sincethe spheres reflecting,and not transparentthe
reflectionpointwill beattheshortestlistancerom thepoint(ro + r.), wherethevalue
of p is denotedp,. Upon calculatingtherootsp, andp, of Equation3.25,p, is chosen
by therule

prif |pi| <]
pz if [pi] > |p2]

Thecase®f comple or equalroots,correspondingo thelasernot hitting the sphereor

beingatangento the spheresurface arenot consideredsinceno reflectionsoccur

Givenp, thevectorsr, andr;, aregivenusingEquation3.23by

rr = [TIO + Te] + f'inpr (3.27)
Pin = Finpr (3.28)
It is seenfrom Figure3.6 on page29,thatin aframewherethe z axisis normalto the

tangenplane,thedirectionof thereflectedaserbeamr: is givenby

-1
'f"out - 0
0

o = O

0
0| #in (3.29)
1

whichis a changeof signin thefirst elementof #j,.

Equation3.290nly holdsin a framewherethey andz axesspanthereflectionplane.
Henceareflectionframeis defined,in orderto calculater .

Definethereflectionframeillustratedin Figure3.12. The z, axisis thenormalpointing
out of the sphereto the tangentplanespannedy y, andz,. They, andz, axesare
definedsuchthatthey areparallelto y,, andz, axesin thespherdrame,whenv> and¢
arezero.Notethat is largerthan in thefigure. Hencethe attitudeof theplaneframe
is givenby > and¢ which alsodefinethe vectorr, in sphericalcoordinatesknowing
theradiusof thesphere.

Givenr, from Equation3.27theangles)> and¢ canbefoundby

b = tar! <Q> (3.30)

r1

rr3 vis
= cos! - — 3.31
i (Vrr21+rr22+rr23) 2 ( )
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Figure 3.12 Definitionof thereflectionframe

wherer,1, rr» andr,3 arethe scalarelementf the », vector The attitudematrix A;,

representinghe rotation of the reflectionframe with respectto the sphereframe, is
obtainedusing

Al = A,A; (3.32)

whereA, and A; representheprincipalrotationsaboutthe y, andz, axesrespectrely.
This is equivalentto a 3-2-1 Euler sequencewherethe rotationaroundthe z, is zero,
consequentlyherotationmatrix 4, is theidentity matrix 1543. Thematricesaregiven
by

A, = 0 1 0
| sin(¢) 0 cos(¢)
[ cos(y)  sin(v)

0
A; = |—sin(y) cos(y) 0 (3.34)
0 0 1

[cos(¢) 0 sin(gb)]
(3.33)

whichinsertednto Equation3.32,yields

A = —sin(y) cos(v)) 0

sin(¢)cos(¢y) sin(¢)sin(y)  cos(¢)

cos(¢) cos(tp) cos(¢) sin(1) Sin(sb)]
(3.35)

The vector 7, cannow be rotatedinto the reflectionframe, and #,; is found in the
spherdrameby

Al (3.36)
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usingthe propertyof Equation3.29.

Themeasurement: canbe calculatedusingthe propertiesof thetriangleillustratedin
Figure3.13. Theknown elementf thetriangleis v, ri, and# oyt

X . .
- Reflection point

. _Satellite

Figure3.13 lllustration of thereflectedaserbeam,andthe measuementvectoronthe
satellite

Theangled is givenby theanglebetween-+;, and# ., whichfor unit vectorsis

8 = cos™ (—#tou) (3.37)
giving thefinal angle
T
g=r-(3-7+9)
_ g fy— 8 (3.38)

Usingsinerelations thelengthof r,, is givenby

sin(Z —
|mm=wm—§§@ﬁ- (3.39)
Thevectorr,, cannow befully determinedy
Tout = |Tout T out (3.40)

Finally thesoughtmeasurementectorm: is givenfrom Figure3.13,as
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m = Tjp ‘I‘ T out (341)

In additionthedistanceof the opticalpathd of thelaserbeam|s calculatedoy

3.3 RF Metrology

This sectionbriefly describeshe RF systemneededeforethe lasermetrologysystem
canbe activated. Whenthe satellitesof the formationarereleasedthe optical pathto

the spheremustbe establishedSincethe conditionsafterreleasearerandom within a

givensphericakadius,anomni-directionalsensorsystems needed.

The main problemof usingRF metrologyis power. To keepthe spheresatelliteat low

cost, the useof solarpanelsshouldbe avoided, sinceit would requirestabilizationof

the sphere Otherwisethelaserbeamcould hit the solarpanelsinsteadof the spherical
mirror. However the useof batteriesmountedinside the spheresolves this problem,
but will limit the operationaltime of the RF metrologysystem. To minimize power

consumptiont is chosento transmita simple sine signal from the sphere andfit the

two fully equippedsatelliteswith antennasgapableof measuringa LOS vectorto the

sphere.

Measuring the LOS Vector

The conceptof usingan array of antennaso measureghe LOS vectoris equivalentto
theoneusedin GPSbasedattitudedeterminationywherean arrayof antennasneasure
anLOS vectorin abodyframe. Figure3.14showvs a baselineb spannedy the master
andslave antennasGivenanincomingwave signal,a phasedifferencep, betweerthe
measuremenis acquired.

It is seenfrom Figure3.14thatthe phasedifferencep, betweerthe signalson the two
antennasis the lengthof a projectionvector obtainedby projectingthe baselineonto
the LOS vector pointing towardsthe signal source. The length of this projectionis
written

b-70s,

p= Tlos| =b- ';'LOS |';'LOS| =b- TA‘Los (3-43)

A 2
TLos|
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Master antenna Slave antenna

Figure3.14 Two antennasmeasuringthe samewavesignal but with a phaseshift p,
dependingontheanglep. Theplanewaveis geneatedby a sourcein the
directionof r os.



40 Analysis

The lengthof the oppositeprojectiony’, thatis the projectionof the LOS vectoronto
thebaselinejs givenby

!

TLos b rlos b p
i T (849

Knowing that the projectionof the LOS vectoronto a baselinecan be obtainedusing
Equation3.44,the baselinesanbe chosento form a Cartesiarcoordinatesystem,as
shavnin Figure3.15.

bs

Pl

Figure 3.15 Definingthreebaselineonthe axesof a Cartesiancooinatesystem.

By definitionof the Cartesiarcoordinatesthe LOS vectorto thesignalsourcejs

P

2 b1

TLos = plz = |§—2| (345)
/ DP3
P3 [bs]

wherep;, p,, andps arethe phasdifferencesneasuredby antennaspanninghebase-
linesby, b,, bz, respectrely. Notethatthe baselinevectoris definedpointingfrom the
masterantennao the slave antennahencethe masterantennawill, in the configuration
shawvn in Figure3.15, be at the origin of the zyz frameandis commonfor all three
baselines.

Required Number of Baselines

Thatin factthreebaselinesarenecessaryis bestshavn by illustration. In Figure3.16
onebaselings illustrated. Given a phasedifferencebetweenthe measuremendn the
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two antennasf thebaselineaninfinite numberof unit LOS vectorsarefound,defining
a circle aroundthe baseline. This circle representshe solutionsof LOS vectors,that
resultsin the given phasedifferencep, whenprojectingthemontothe baselineb;. An
arbitrarysolutionis alsoillustratedin thefigure.

Figure3.16 lllustration of theinfinite numberof unit LOSvectorswhich will resultin a
measued phasedifferenceon baselineb, , representedythecircle around
thebaseline

Usingtwo baselinesasshavn in Figure3.17,will resultin anoverlapof thetwo circles.
Theintersection®f thetwo circlesrepresentgheonly two solutions giving aunitLOS
vectorresultingin two measureghasedifferencesOneof thesesolutionsis illustrated
in thefigure.

Figure3.17 lllustration of the infinite numberof solutionsgiving the phasemeasue-
menton either baseline Theintersectionof the circles are the two unit
LOSvectorswhich resultin givenmeasuementdrombothbaselines.

In orderto acquirean uniquesolution,a third baselinemustbe used,asit is shavn in

Figure3.18.Henceusingthreenon-parallebaselinesa uniqueunit LOS vectorcanbe
found. Usingthreemutualorthogonabaselinesiesultsn thesolutiongivenin Equation
3.45.
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Figure3.18 lllustration of threebaselines Theintersectionof the threecirclesdefines
the unit LOSvectorresultingin the three measuementsobtainedon the
baselines.

Establishing The Optical Path

Giventhedirectionof thespherdrom Equation3.45,andaunit vector#,, whichshould
bepointedin thesamedirection,anexpressiorof theattitudeerroris sought.Thevector
71, IS introducedbecausehe LOS vectorof the sphere measuredn the spacecraftis

thedirectionof thetransmittedsignal,andnotthe pointto wherethelaserbeamshould
bepointed.ry, is the vectorthatmustbe parallelto the spherd_OS, in orderto acquire
the optical pathof the lasermetrologysystem.The vectoris givenwhenthe direction
of theexiting laserbeamis chosenTheattitudeerroris to beinterpretedastherotation
of thesatelliteneededin orderto pointthe lasertowardsthesphere.

Dueto an attitudeerror betweenthe satelliteframe andthe sphereframe, the vectors
70s andry, arenot parallel. From Figure3.19it canbe seenthatthe attitudeerroris a
rotation arounda vector givenby the cross-productf thetwo vectors.Notethatthe
vectorr os is lockedwith respecto areferencdrame.Hencea rotationof the satellite,
will changehe anglebetweerthevectors.

The attitudeerror of the satellite,canbe expressedy the quaterniong,, andis given
by [Dan Bhanderietal., 2000]

g. = [?93(%)] (3.46)
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Figure3.19 Thetwo vectorsare not parallel, becausef a rotationerror 3, aroundthe
cross-poductof thevectors.

wherea denotesheangleof rotationaroundthe unit vector#. Substitutingthe values
of Figure3.19,yields

cos(5) )] (3.47)

q. = PLOSX P ;
! |:|f'LOS§f's|i| sin (g
wheref is givenby
3 = 7TLos" Tp (3.48)

The purposeof the RF control systemis to minimize the rotationerrorg,. Thisis not
includedin this project.
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Chapter I

Modeling

This chapterderivesthe mathematicainodelsneededo describethe positionandatti-
tude of the satellites. In additionthe disturbanceof the solarpressuras investigated,
andsimplifiedmodelsof the sensolandactuatohardwareareobtained.

4.1 Relative Motion

This sectionderives the equationsof relatve motion, describingthe position of one
spacecraftelative to another The resultingequationsare usedto modelthe motion of
the two fully equippedsatelliteswith respecto the spheresatellite. Sincethe sphere
satellitecannotbe controlled,it makessenseo usethe relative positionasreference.
The attitudeof the spacecraftsire not consideredn this section,but are describedn
Section4.2onpage52. This sectionis basedn thework in [Ankersen2000].

In aninertial frame,the positionof the spheresatelliteis denotedr, andthe positionof
ary chasingsatelliteis denotedr., usedin Rendez-susanddockingterminology The
chasingsatellitein the caseof SMART-2, is oneof the fully equippedsatellites. The
relative positionof the chaserasseenfrom the sphereis denotedr, asillustratedin
Figure4.1.

Thevectorrs canbe expresseds

Ps=Tc— Tp 4.1

andtheacceleratiorof rg is

45
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A Sphere
j
rS
_..- Chase
My
r.C
e

Figure4.1 Thepositionof the sphee satelliteand a chasey and the relative position
betweerthem.

The formationof SMART-2 will be orbiting the Sunat the L2 lagrangianpoint of the
Earth-Sursystemjn anEarthtrailing, helio centricorbit. Hencethe gravitationalforce
of the Earth cancelsout. The gravity force of the Sun, acting on a spacecratftjs in
generaldescribedasa functionof the spacecrafpositionr andits massn, givenby

m

fSun(ra m) =—-GM 2"2 (4.3)

id

whereG is theuniversalgravitationalconstaneand M is themassof the Sun. Equation
4.3 canbewritten

.fSun(rv m) = _:uﬂ;gr (4.4)

]

realizingthat

= (4.5)

For the spheresatellite,Newton’s secondaw of motion,yield
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mbf'b = .fSun('rbv mb) (46)

whenassuminghat the gravitational force of the Sunis the only force actingon the
sphere Themotionof the chasesatellite,is givenby

Mmcfc = fSun (7'07 mC) + fext (4.7)

wherethe force f,, is the sumof externalforcesactingon the system,including the
controlthrust.

Sincedisturbancesnthesphereareassumedo bezero,ary disturbancectingon both
spacecraftse.g. solarpressuremustbe calculatedasthe relative force actingon the
chaserthatis thedifferencebetweertheforceactingon the sphereandtheforceacting
onthechaser

SolvingEquationst.6and4.7with respecto theaccelerationsf thesphereandchaser
respectrely, andinsertinginto Equatior4.2,yields

1

';'S -
mc

[fSun(er mC) + fexd — mib.fSun(Tbv mb) (4.8)

From Equatiord.3thefunctiondescribinghe gravitationalaccelerations foundto be

1

aSun(T) = E.fSun(rv m)

E— (4.9)
Id
whichinsertednto Equation4.8 gives

.. 1

Ts = aSun(Tc) - aSun(Tb) + gfext (4-10)
C

Thegravitationalacceleratiorof thechaselsun(r¢), canbeexpandednto afirst order
Taylor seriesaroundthe positionof the spherery,, whichis givenby

daSun (’!‘)

r [Pc — 7y (4.11)

aSun(rc) = aSun(Tb) +
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InsertingEquatiord.11into Equationd4.10andrecallingEquation4.1,yields

. daSun(r)

rs= dr

1
rs+ _fext (4.12)
mc

r=rp

Thederivative of asun(r) with respecto thevectorr is

dasun (rb) dasun (T'b) dasun ('rb)

Arpt Orp Orps
da'Sun (T) dasup(rp) Oasue(rp) Oasum(rp) (4 13)
d’f‘ - Orpt Irp Orps b
r=ry | Oasu(rs) dasun(ry) dasus(rs)
rpt Orpe Orps

whereasun (rb), asure (Tb), asus (Tb), ™o, Th2 aNdry; arethe elementsf the asyn and
rp vectorsrespectrely. Thederwvative of the diagonalelementcanbe expressedis

aas y (T'p _%
(;:bE ) — _Masz‘ [’"tzn + rgz + 7"?33] Thi
= [+ b) T S )
2.
= [1—3 rb’z] . ielL3] (4.14)
|7 ||

Theremainingelementf thematrixin Equatiord.13,aregivenby

Jasun ()
arbj

0 _3
= _MaTbj [Tgl + iy + r?B] 2 i
3 _5
=H5 (o1 + o2 + T3] 2 27,7
3p o o
= | |5rbjrbi y 5] € [173] AN 7& ) (415)
Tp

Thederative of the gravitationalacceleratiorfunctioncannow beinsertednto Equa-
tion 4.12,giving

r2
b 3 3
3 12 - 1 |rb|2 rbler |rb|2 rblrbB

. 7 3 - 3 1
rs= 3 | 7271 7b2 32 —1 —mrprm| rs+ _.fext (4-16)
|7'b| bl bl bl Mme
3 3 Ths
= T — =TT 3 -1
|T‘b|2 b17'b3 |rb|2 b27b3 |rb|2
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whichis is writtenin shorthandas

_
£

Ps

1
Mrot+ —foy (4.17)
mc

The above equationis for an inertial frame, hencethe rs vectormustbe givenin an
inertial frame,denotedr!. It is the dynamicsof therelative position,which aresought.
Introducingan orbit frame, which rotateswith angularvelocity w, and sharesorigin
with the sphereframe, the derivative of . canbe expressedn termsof the relative
positionvectorin the orbit frame,denotedr?. Assumingthatthe spherds in acircular
orbit with constantaingularvelocity w,, theinertial acceleratiortanbe expresseds

(#1)" = #2 4+ wo X [wo X P + 2wo X 72 (4.18)

Substitutingnto Equation4.17yields

1
M M= = f2, (4.19)
o Me

7 4+ wo X [wo X 7] + 2wo X 72 —
7]
Defining the orbit framein a corvenientway, simplifies w, and »} andas a result,
Equation4.19simplifiesaswell.

Orbit Frame

Theorbitframeis definedasastandard®DPframe[Ankersen2000]. It hasorigin atthe
centerof thesphereThex, axisis in thedirectionof the velocity vectorandtangential
to theorbit. The z, axisis in thedirectionof the Sun. The y, axisis formedin aright
handedsystem.Theorbit frameis illustratedin Figure4.2.

Xo

PR Sphere cente

Sphere orbit” i

Figure 4.2 Definitionof the orbit frame
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Position Dynamicsin the Orbit Frame

Giventhe definitionof the orbit frame,the positionandangularvelocity of the sphere
framecanbeexpresseds

0
ro=1| 0 (4.20)
__lr.b
[ 0
Wo = | —Wo (421)
| 0
InsertingEquationst.20and4.21into Equation4.19,yields
T'si 0 —rg —rg -1 0 0] [rg]
Fo| + [—wo| xwo | 0 [ +2w0| 0 [ =L |0 -1 0] |re| =
fsg 0 T's1 T;SI "b 0 0 2 Ts3_
Ts1 T's1 —rs [ —7”51- 1 fextl
s —wg 0] + 2wo 0 _T_3 —T's2 :E fext
T's3 Ts3 Ts1 b 27”33_ ¢ fexB
(4.22)

whereall vectorelementsaregivenin the orbit frame. The indicationof frameis left

outin Equatiord.22andin theremainingequationf this section sinceall vectorsare
givenin the orbit frame. Writing Equation4.22in termsof the elementsthe standard
form of the Clohessy-Wiftshire differentialequationsareobtainedgivenby

1

. 2 : wo

Fst — WoT'st — 2wWoT'sy + r_3rsl R fexu
b c

. 1
Fo+ Brg = — fo (4.23)
Ty Me

. 9 ) 7 1
Ty — Wor'sy + 2Wol's — 2r—3rs3 = fexs
b C

Giventhevectorsof Equationst.20and4.21,thesquaredangularvelocity of a circular
orbit canbe expresseds
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wt =1t (4.24)
7]
]
= 4.25
3 (4.25)
whichinsertednto Equatiord.23yields
1

T'st — 2Wol's3 = _fextl
me

. 1
sy + wgf“sz = ;fextz (4.26)
[of

. . 2 1
r'sy + 2wor'st — SWOTSB = _m fexB
c

In orderto representhe dynamicsof Equation4.26in the statespaceform, the state
vectore is definedas

T's1
sy
T's3

= |. (4.27)

s

s
andtheinputvectoru as

fctrll
u = | fetriz (4.28)
fctrl3

Equation4.26expressedn the statespacenotation,yields

U (4.29)

- o o

I

L
I

3
o
L
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where0sy; is the3 by 3 zeromatrix,and1;ys is the 3 by 3 identity matrix. Thecontrol
forceof thethrusterss denotedf ., andis insertedasthe externalforceto the system.

Recallingthatthe statevector is givenin the orbit frame,the dynamicsof the state
spacesystemin Equation4.29,describeshe motion of a chasersatelliteseenfrom the
orbit frame,which rotatesasthe spheremovesin its orbit.

4.2 Modeling Satellite Attitude

This sectiondescribeghe equationsusedfor modelingthe kinematicsand dynamics
of satelliterotations. It is basedon the work previously donein [Dan Bhanderiet al.,
2000],which shouldbe usedasreferenceif nototherwisespecified.

Thedirectcosinematricescontainnine parametersvith threedegreesof freedom.Due
to thisredundang, numerousvaysof representinghe satelliteattitudewith aminimum
setof parametersiave beendeveloped. Euler anglesdescribethe rotationaroundthe
principalaxesandusethereforeonly threeparametersdowever somesingularitiesarise
for somerotations,which is why Euleranglesarecommonlyusedwhenthe attitudeof
theobjectinvolved,is known to bewithin a certainmagin [JameR. Wertz,1978].

Quaternionsisefour parametersvith a singleconstraintto represengttitude,andare
subjectto no singularities.This is usefulwhenconsideringhatthe attitudeof a space-
craftis usuallyunknown afterthereleasdrom thelauncher For thisreasomuaternions
are commonlyusedin spaceapplicationsand also for this project. AppendixB on
pagell5givesa brief descriptionof thequaterniongndtheiralgebra.

Themodelingof a satellites rotationis dividedinto the kinematicequationandthe dy-
namicequation.Thekinematicequationdescribeshechangan theattitudeparameters
of thesatellite regardlesf theforcesactingonit. Thedynamicequatiordescribeshe
time dependenparameterasfunctionsof outerforces.

Kinematic Equation

Let theattitudeof asatelliteattime ¢ andt + At bedenotedy (¢) andg (¢t + At). If the
rotationof the satellitein thetime period At is denotedy (At), the propagatiorof the
attitudefrom ¢ to ¢ + A¢ canbewritten

q(t+ At) =q(t)q(At) (4.30)

Writing g (At) in termsof rotationangleA¢ aroundthevectorw in time At, yields
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cos(&2
ulsm
uzsln
u3SIn

O

) (4.31)

)
)

Assumingthat« and A¢ areconstanover thetime At, andusingthe definitionof the
guaterniormproduct,Equatior4.30is written

q(At) =

ook

— — —

0 —U1 —Uz —U3
B A@ . A@ U1 0 Uus — U9
q (t + At) = COS<7> 14)(4 + Ssin <7> Uy —us 0 U q (t) (432)
Us U2 — U1

where1,4y4 is the 4 by 4 identity matrix. For infinite small time steps,A¢ canbe
approximatedy

A = |ws| At (4.33)

wherews is the instantaneouangularvelocity of the satellite. Using small angleap-
proximationsof sineandcosine Equation4.32canbe expresseds

At
where
0 —U1 —Uy —U3s
. U1 0 Us — U9
= |ws| w0 u (4.35)
Uus U9 — U1 0
Realizingthatu = ws, Equatiord.35canbewritten
0 —wg —we —ws
o= | 0 @ e (4.36)
Ws2 —Ws3 0 Ws1 '
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Thedifferentialequatiorof q (¢) is definedas

q(t) = fim =7, (4.37)
InsertingEquationd.34yieldsthe soughtkinematicdifferentialequation
) 1
q(t) = Q) (4.38)

Dynamic Equation
The dynamicequationof motionis derivedfrom the changein angularmomentumof

the spacecraft.An expressionfor the changein angularvelocity, asa function of the
appliedtorquess sought.TheangulatTmmomentunt, is givenby

k
1=> 1
z:l
= Z T, X M;v; (439)
=1

wherer; is thepositionof the:th particlewith massn,; andvelocity v;. Takingthetime
derivative of Equatiord.39,yields

k
i = Z [’U,’ X m;v; +r; X m,'a,,'] (440)

=1
a; beingthe acceleratiorof the ith particle. The first term underthe summationof

Equation4.40is a crossproductof two parallelvectors,which is zero. Realizingthat
m;a; 1S theforceactingonthe:th particle,yields

I = ney (4.41)

whereney is the sumof externaltorquesactingon the spacecraftEquation4.41only
holdsif theinternaltorquessumup to zero[JamesR. Wertz,1978]. An expressiorof
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the deriative of theangulatTmomentumin termsof the spacecraft angularvelocity is
sought,in orderto obtainthedynamicequation.

In aninertial frame I, the angularmomentumof the spacecraftanbe expressedisa
functionof theangulavelocity ws andthemomentof inertiamatrix J of thespacecraft,

by

' = Jws (4.42)

Sincethe momentof inertiais more corveniently expressedn the body frame B of
the spacecraftthe angularmomentums foundin the body frame. The body frameis
centeredat the spacecraftenterof mass,andthe axes are alignedwith the principal
axesof the spacecraftTheattitudematrix A?, representgherotationfrom theinertial
frameto thespacecrafbodyframe,whichis usedto represenEquatiord.42in thebody
frame,yielding

1% = AP (4.43)
Thederivative of I? is givenby
.5 d
" = - (AP
dt ( I )
= A7 4 AP (4.44)

In orderto obtainan expressionfor A;, considerthe kinematicequationfor rotating
systemswhichfor theangulairmomentunvectorl is

.1\ B .
(i) ="+ wsx1?
.B .1\ B B
i’ = (l) —wexl (4.45)
: .1\ B ;B - : .
Smce(l) = A7l , combiningEquationst.44and4.45,gives

AT = —wex 1P

= —ws x [ATl] (4.46)
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Definingthe crossproductmatrix functionas

0 —w3 (035)
Sw)Z | w3 0 —w (4.47)
—Wws2 W 0

wherew is anarbitraryvector Equationd.46is written

ATl = —S(wg) ABI (4.48)

Since Equation4.48 holds for all 17, the soughtexpressionfor the derivative of the
attitudematrixis

AT = —S(ws) AP (4.49)

InsertingEquation4.49into Equatiord.44,gives

I” = —S(ws) API" 1 ABY (4.50)

Recallingfrom Equationd.41,thatthederivative of theangulaiTmomentumis the exter-
naltorquesandapplyingtheattitudematrix rotationsin Equatior4.50,yields

i” = —S(we)1? + nB, (4.51)

Finally the angularmomentumis expressedn termsof the momentof inertiaandthe
angularvelocity, asgivenin Equatiord.42. Solvingwith respecto ws, givesthesought
nonlineardifferentialequationwrittenin theform

U‘JS - J_l [next — Wg X JUJS] (452)

wherethe superscripof frameis left out, sinceall vectorsandmatricesaregivenin the
spacecrafs bodyframe.
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4.3 Linearization of Attitude Equations

In this sectionthe attitude dynamicand kinematicequationsare linearizedarounda
working point of the states basedon the work in [Dan Bhanderiet al., 2000]. As a
consequencthesystemdescriptionwill containthe smallsignalsof the states.

The non-linearsystemmatrix F'r (2, t) describingthe satellites rotation,is found by
combiningEquationst.38on page54 and4.52on thefacingpageto be

Fy (iE, t) = [J—l (_Ewﬂsqx JUJS):| (4.53)
where
z = [3] (4.54)

An expressiorin thelinearizedorm ¢ = F (t) « is sought.Thekinematicanddynamic
equationsrelinearizedseparatelyn the following.
Kinematic Equation

For the linearizationof the kinematicequationthe attitudequaterniorof the satelliteq
is written, in termsof aworking pointg andsmallsignalg, as

a=4q4q (4.55)

whereg* is thecomplex conjugateof gq. Recallingthe definitionof €2 in Equation4.35
on page53 andthe definition of quaternionproducts,the kinematicequationcan be
writtenin termsof a quaterniorproduct,as

o1

4= 599 (4.56)

wherethe quaterniony,,_ is definedby
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Qu, = {0} (4.57)

Ws

Usingthechainrule andEquatiord.56,thederivative of thesmallsignalattitudequater
nion of Equatiord.55canbe expresseas

Qe
I

N =D =N — Rl

[—q9..9 + 949, (4.58)

whereg,,_is definedasin Equatior4.57 wheretheworking pointof theangulaelocity
ws isinserted.Notethatthe complex conjugateof a quaterniorrepresentshe opposite
rotation. Hencethe reverserotationdefinedby a sequencef rotations,is the reverse
sequencef eachrotationcomple conjugatedThe complex conjugateof q,,_is simply
—q,,, sincethescalarpartis zero.

Theangularvelocity is definedjn termsof aworking pointws andsmallsignalws, as

Ws = W+ Ws (4.59)

henceg,,  canbewritten

_ 0
Qo = s+ @s
= g, + o, (4.60)
InsertingEquation4.60in Equation4.58,andrecognizingthatthe associatie rule ap-

pliesfor quaternionsyields

o1 o 1.
q=73 [—9,.9+ 99, + 5990, (4.61)

A gquaterniorcanbe expressedin termsof a scalarpartanda vectorpart,as
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_ | @
q= [‘12—4} (4.62)

wheregq,_, is a vector containingthe 2nd, 3rd and 4th elementof q. If g is a small
rotation,g, approachesneandq,_, approachegero.Hencethe quaterniorproductof
thelasttermin Equation4.61canbeapproximatedy

o (4.63)

whereS (ws) is thecrossproductmatrix function,definedin Equation4.47on page56,
appliedon ws. Thetermsq,, g andqq,, of Equation4.61,canbeexpressea@s

(4.64)

and

9496, = {512_4 _8(512_4) + C]113><3} LJJ
~T -
—q3 4Ws

_ ) y o 4.65

{_S (q2—4) ws + qﬂ-«JJ | )

Insertingtheapproximatiorof Equationd.63andtheresultsof Equationst.64and4.65
in Equation4.61,yields

i= | _glpy| 0+ 30 (4.6

whichis the soughtlinearizedkinematicequation.
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Dynamic Equation

Thedynamicequationis linearizedusingfirst orderTaylor expansionaroundthe work-
ing pointws. The externaltorquesaredisregardedin the linearization,sincethey are
alsothecontrolinput. They areaddedascontrolinputin thefull statespaceepresenta-
tion in Sectior4.6.

Thederiative of the smallsignalangularvelocity describeshelinearizeddynamicsof
thesystemandcanbeexpresseds

= JV[S(J®) — S(@s) J] @s (4.67)

Linear Attitude Model

The non-linearsystemcannow be expressedn a linear statespacemodel. However,
observingequatior4.66,it is seerthatthescalarelementy; haszerodynamics.Thisis
expectedsinceit canbeapproximatedo onefor smallangles.Hencethestatevectoris
reducedo six statedbeingthe smallsignalsof the statesn the non-linearmodel,which
IS written

z— {51%—4] (4.68)

Whenobtainingthe quaterniorfrom thereducedstatevector the scalarelementhould
be setto oneandtheresultnormalizedsincethisis notensuredy thelinearizedkine-
maticequation.

Thelinearizedattitudemodelcannow be expresseds

[&éj B [_(?3(:3) J [S(Jils;)f S(ws) J]] [q%_4] (4.69)
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4.4 Solar Pressue

The most significantsourceof disturbancan the dynamicequationsof attitudeand
relative position,is the solarpressureThereforthe dynamicequationf the forceand
torquecausedy the Sunarederived.

SMART-2 consistsof two fully equippedsatellitesandthe spheresatellite. However
whenconsideringsolarpressurethe geometryof thefully equippedsatellitesnustalso
beknown. Sincethesatellitesusedior DARWIN aretelescopélyers,thesamegeomet-
ric compositions assumedor the SMART-2 satellites gxceptfor thespheresatellite.

Solar Force

Figure4.3shavs atelescopdlyer satellite whichis exposedo solarflux, which enters
atanangled. A sunscreerwith radius Rs is mountedon the satellite,to protectthe

opticsfrom the Sunlight. Integratingover the pointsof contact,a centerof pressuras

acquired.The centerof massis in a displacemenbelow the centerof pressureDueto

the symmetricakhapeof the satellite,both pointsareon the line spannedy thetarget
starLOS.

Target star LOS

Center of pressure

RS

[ ‘ N i
= \ Sunscree!
Center of mass | }
o

Solar flux

A
€sun

Figure4.3 Atelescopdlyer satelliteexposedo thesolar flux.

The force actingon the telescopdlyer depend®n the angleé, of theincomingsolar
flux. Thesolarflux vectoris in theoppositedirectionof theSunLOSvectores,,. Since
the vectorfrom the centerof massto the centerof pressures parallelto the targetstar
LOS, theresultingforce of thesolarflux fg,. IS obtainedoy projectingthe solarflux
force fq,,, actingonthecenterof pressurepntothetargetstarLOS, giving
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fSun/tf = fﬂUXCOS(9) (4.70)

Theforceof theflux canbe expressedn termsof thethesolarmomentumandthearea
of thesunscreems[Bonnet,2000]

2P .
Frx = _TWRgeSun (4.71)

whereP is thesolarflux, ¢ is the vacuumvelocity of light, and Rs is the radiusof the
sunscreen.Thesolarmomentums multiplied by afactortwo, implying thatthesurface
of thesatelliteis reflectve.

CombiningEquationst.70and4.71,yieldsthe equatiorof the solarforceactingon the
telescopdlyers

2P .
fSun/tf = —TWR§COS(9) €Sun (4.72)

In asimilar manneythesolarforceactingonthe spherds derived.

Thecenterof pressur@nthespheresatelliteis on the surfaceof thesphereandthevec-
tor from the centerof pressurdo the centerof massjs alwaysparallelto theincoming
flux, asillustratedin Figure4.4.

Center of mass

Center of pressure

Solar flux
N
€sun

Sphere

Figure 4.4 Thesphee satelliteexposedo solar flux.
Theareaof whichthesolarflux hitsthespherds equalto the surfaceof half the sphere,
andthe solarforceactingonthespherecanbeexpresseas

4P .
Fsuw=— TWR%eSun (4.73)
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whereRy, is theradiusof thesphere.

The dynamicequationf relative position,requirethatthe externalforcesusedin the
equationsrealsorelative, henceherelative force f ¢, 1S foundto be

.fSun/reI :fSun/tf - fSun/b

2P 4P
2P 9 9 .
= — [2R} — RZc0s()] ésun (4.74)
c

Dividing the forcesby the masse®f thetelescopdlyer andthe spheresatellite respec-
tively, therelative accelerations givenby

2P R? R? .
Qsunjrel= — T p —SCOS(Q) €sun (4.75)
C mb ms

Thefictive force, to be insertedin the relative positiondynamicsof Equation4.29 on
page51,is foundby usingNewton’s secondaw of motion

f5un = MsAsun/rel (4-76)

Whenthe solarforceis insertedin Equation4.29on page51, therelative acceleration
is addedto the derivative of the velocity state. The fact thatinputsto the dynamicsis
dividedby m to obtaintheacceleratiomf thechaserelative to thesphereis thereason
why arelative force mustbe inserted. For control inputs, the thrusterforce is always
relative, sincethey only acceleratéhe satelliteon which they aremounted.

It shouldbe notedthatthe modelingof the solarpressureassumeshatthe solarflux is
constant.Sincethesolarflux in fact variesarounda working point, it is simulatedasa
biasedwhite noise.

Solar Torque

Thetorqueresultingfrom the solarflux canbe found asthe crossproductof the force
andthevectorpointingfrom the centerof masgo the centerof pressureFor thesphere
satellitethistorqueis alwayszero,sincethetwo vectorsareparallelatall times.For the
telescopdlyer satellite the solartorquensg,n is

nsun = Tcop X Fsuni (4.77)
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wherercop is the vectorfrom the centerof massto the centerof pressure.Inserting
£ sunis@S0ivenin Equationd.72,yields

2P .
Nsun = —Tﬂ'Rg [Tcop X eslm] (478)

4.5 Modeling Sensorsand Actuators

This sectionderivesthe modelsusedfor the sensorand actuatorhardware. The sen-
sor systemconsistsof gyroscopesstartrackersandthe lasermetrologysystem. The
actuatorareField Emitting ElectricPropulsionFEEP)thrusterswith 4N quantization.

Themodelingof thehardwares notinvestigatedn detail,hencethederivedmodelsare
simplified, comparedo modelin otherdocuments.The modelsareassumeadequate
for simulationpurposes.

Thequantizatiorof thedigital componentsrenotincludedin themathematicamodels,
but areincludedin thesimulationmodel.

Gyroscopes

Gyroscopesre usedto measurdhe angularvelocity of a satellitewith respecto an
inertial frame. The outputof a gyroscopas a voltagethatis proportionalto the angu-
lar velocity aboutan input axis, definedby the gyroscopes orientation. The angular
velocity of the satellitews is givenby [JamesR. Wertz,1978]

Wws = CUGyroéGyro (4-79)

whereugyr, IS the voltage output of the gyroscopeand egyro is the input axis. The
proportionalfactor C', known asthe scalefactor, is not known precisely hencethereis
a biasederrorin the measurementMisalignmentin the input axis alsocausesa bias.
Dueto aninternaldrift in the gyroscopesiardwarethereis a drift in the output,which
divergesat a certainrateover time. Hencethe measuredngularvelocity wgy, canbe
expresseas[JameR. Wertz,1978]

WGyro = (1 + esf) éGyro - Ws + Ealign + Edrift + W (480)

wherees; is the scalefactorerror, eign is the alignmenterror of the gyroscopes input
axis, eqrit; IS theinternaldrift andw is zeromeanwhite noise.
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Usuallytheconfiguratiorof thegyroscopegnableshe measuremerdf theangularve-
locity evenif onegyroscopdalls out. However for the simulationusedfor this project,
threegyroscopesvill beconfiguredwith the spacecrafbodyaxesasinputaxes.Hence
the obtainedangularvelocity from Equation4.80for eachof the threegyroscopewill
be the estimatedelementof the satellitesangularvelocity, correspondindo the input
axis. The estimateof thesatellites angularvelocity ws canbe written

ws = Weyrol T Weyre + Weyrs (4-81)

wherewgyro IS the measuremerdf the gyroscopewvhich hasthe :th body axisasinput
axis.

Star Trackers

In orderto determinehe attitudeof a satellite,startrackersmakeuseof the patternof
the stars. The measuremenf the attitudeis biasedby an alignmenterror of the star
tracker In additionthereis awhite noise, whichis commonlyexpressecdsadispersion
in the Eulerangles.In quaterniomotation,the attitudeq,, measuredy the startracker
is givenby

dst = 4st9w9aliign (4-82)

wheregq, is the true attitudeof the startracker g,, is the attituderesultingfrom zero
meanwhite noisein the Euleranglesandq,, is the attitudebias causecdy the error
in orientationof the startracker The noiseattitudeq,, is obtainedby an Euler 1-2-3
rotationsequencef theroll, pitchandyaw errors.

Dueto the CCD in a startracker the measuredttitudeof Equation4.82is subjectto
guantizationwhichis includedin the simulationmodel.

Laser Metrology System

Thelasermetrologysystemis usedto measureherelative positionbetweertwo satel-
lites. The systemconsistsof a lasersourceanda CCD. The laserbeamexiting the
satellitemustbe pointedin a known direction, andthe CCD mountedwith a certain
orientation.Both arebiaseddueto alignmenterrors.In additionthe CCD causegjuan-
tization on the measurementectorm, which dependn the resolutionof the CCD.
Thisis includedin thesimulationmodel.
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FEEP Thrusters

FEEPthrustersaapplythenecessarjorceandtorqueto stabilizethe satellite. Thedirec-
tion of theappliedforceis biasedcausedy misalignmenbf thethruster Theresulting
force feep Of theinputforcemagnitudef. from the controller canbemodeledoy

Freep= w (1 + €st) fem [& + dg] ) ‘d +d.| =1 (4.83)

wherew is white noisewith meanvalueof one, e is a scalefactorbias,d is the esti-
mateddirectionof thethrustwhich is anerrorof d. from thetrue direction. Thescale
factor es; Is only a true biasunderthe assumptiorthatthe thrustis proportionalto the
input of the hardwarewhichis assumed.

The FEEPthrustersaresubjecto quantizationsn themagnitudeof thethrustandin the
minimumimpulsetime, includedin thesimulationmodel.

4.6 Full State SpaceModel

Fromthe previous sectionsof this chaptera statespacemodelis soughtcontainingall
states.Thesystemmodelof the satelliteis writtenin theform

z=Fz+ Gu (4.84)

Theworking point of the satellites angularvelocity, is for SMART-2 zero,sincesatel-
lites aresoughtthreeaxis stabilized.If the spacecraftarespinningthelasermetrology
systemis inapplicable.Thisis insertedn theattitudemodel.

Combiningthe relative positionmodelin Equation4.29on page51 andthe linearized
attitudemodelin Equatior4.690n page60, yields
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wheretheinputvectoru is thecontroltorqueandforcegeneratedyy the FEEPthrusters,
denotedny andf ., respectrely.

The outputequationstatedin Equation4.85, dependon the measurableuantitiesof
thestatevector Usingstartrackersgyroscopesndthelasermetrologysystempine of
thetwelve statescanbe measuredHencethe outputequationbecomes

q 63—4
24 o Ws
Ws | = [19><9 09x3] (4.87)
Ts 7.'5
S

The systemmatricesof Equationst.84and4.85areidentifiedas

—03><3 %13><3
0
Osxs  Osxs oxe
_ O3x3 1343
F= 0 0 0 0 0 0 2w (4.88)
66 0 —w2 0 0 0 0
I 0 0 3w?2 2w 0 0 |
03><6
-1
G- | T Osxs (4.89)
03)(6
_03x3 i13x3

H - [19x9 09)(3] (490)
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SystemPoles

Thesystempolesaregivenby theeigervaluesof thesystenmatrix F' [GeneF. Franklin
etal., 1994]. The systemhassix polesin zero,andfour polesontheimaginaryaxis,as
plottedin Figure4.5. Note thatthe four comple polesare equalin pairsof two, and
closeto zero. Consideringhe magnitudeof the angularvelocity of an Earthtrailing,
helio centricorbit, thisresultis expected.
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System Poles
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Figure4.5: Plot of the systenpoles,equivalento the eigervaluesof F', in thecomple

plane
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Chapter

LaserMetrology Configuration

Beforethe designof controllerscancommencea configurationof the lasermetrology
systemis investigated.The systemoperateon baselinespanningrom 25m to 250m,
whenmeasuredrom the sphereo the satellite.It mustbe guaranteethatthereflected
laserbeamwill hit the CCD of the satellite,for all baselinesn this interval.

The configurations doneby selectingthefollowing parameterappropriately(seeFig-
ure3.11onpage32):

r.s. The placemenbf thelasersource,or moreaccuratelythe point wherethe
laserbeamwill exit the planespannedy the CCD surface.

~. The pitch angleof the exiting laserbeam,measuredrom the CCD plane
normal.

a. A rotationof thelaserframe,definingthedirectionof the pitch angley.

Ry. Theradiusof the sphere.

Thepositionof thereflectedaserbeamonthe CCD plane,is givenby the measurement
vectorm. It is thelengthof this vectorwhichis soughtlimited, suchthatthe reflected
laserbeamwill hit the CCD, which is limited in size. Due to the symmetryof the
sphereq is choserto zerofor this analysissincea only influenceghedirectionof m.
Giventhedimensionsf the satellitesurface on whichthe CCD is to be placed,o can
be choserappropriately Dueto the samecircumstanceshe placemenbf thelaserr, ¢
is only variedin onedirectionon the satellitesurface sinceit is only the lengthof ¢
whichvariesthelengthof m.

Given the abore considerationsthe configurationcanbe analyzedn the zz planeof
the laserframe,whenchoosinga referenceof the satellitepositionin the sameplane,

71
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andassumindhatthesatellitereferencettitudealignsthe axesof the spherdrameand
thelaserframeatthisreferenceposition. The setupis illustratedin Figure5.1.

Satellite surface
(CCD plane)

Figure5.1 Setupusedfor analyzingpossibleconfiguationsof thelasermetologysys-
tem.

Working only in the zz planesimplifiesthelimits of m to alimit on thethird element
ms. Theplacemenbdf thelaserreducego varyingr.s; andthe baselindengthis given
by 7“51 .

Selectinga sphereaadiusof R, = 0.5m, thelengthof the measurementectorms, can
be plottedasa function of the laserplacementandpitch angle. Figure5.2 shavs this
plot for a baselindengthof 25m.

Figure5.2 shavs thelengthsof the measurementector forming thereflectionsurface,
asafunctionof moving thelaserin thenegative directionof z, andpitchingit anegative
angle.Choosinghgyative placemenaindnegative pitchangleresultsn theconfiguration
of Figure5.1,wherethelasersources underthe horizontalof z = 0 andthereflection
is above. In additionto ms3, two planesareplottedin Figure5.2,i.e. thelaserposition
planeandthe CCD limit surfacesdescribedn thefollowing.

The laserpositionplaneis the positionof the laseron the satellitesurface. The plane
is givenby m3 = r.3. Theintersectionof the laserpositionplaneandthe reflection
surfaceis a line, wherethe configurationwill resultin a laserbeamreflectedbackto

the source,e.g. whenr.s; and~ arezero,asshowvn in Figure 3.8 on page30. The

configuratiormustbe chosersuchthatthereflectedaserbeamis eitherabove or under
the lasersourcefor all distancesptherwisem; will be unobserableat somebaseline
length.

The CCD limit surfacesjllustratesthe heightof a CCD placedadjacentto the laser
source,assumedo be approximately2cm, given a resolutionof 2048 x 2048 anda
pixel separatiorof 9um. The configurationshouldbe chosensuchthatthe reflection
surfacds betweerthelaserpositionplaneandeitherthe positve or negative CCD limit
plane for all baselines.



73

2 _ 2
S § €
a5 5
rCL
o 2 N
2 T O
4 x O

7
|

; )
.

% 4
AR

........ G /1)
N

/]
_IJW.
]

Tl BTRITIED, IR IR,

Figure5.2 Plot of thedistanceto the pointwhelethereflectedaserbeamhitsthesatel-

lite surface,as a function of the laser placement-.; and pitch ~, for a

baselindengthof 25m.
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For the valuesof r..s3 and~ in Figure5.2, the surfaceof the reflectionis within these
limits, but thisis not the caseat maximumbaselindengthof 250m, asshawvn in Figure
5.3.

FromFigure5.3it is seenthatm; is very sensitve to configurationadjustmentsillus-
tratedby the large slopeof the surface.In bothplotsit is seenthatwhenalteringr;.s;
and~ simultaneoushatarategivenby theintersectiorof thereflectionsurfaceandary
horizontalplane,ms; canbe held constant.This meanghatthe placemenof the laser
canbearbitrarylargeif the pitch angleis adjustedaccordingly However thedifference
in directionof theseintersectionsn the two plots, shavs thatthe parameters,.s; and
~ mustbe held closeto zero. In additionit seenfrom the large slopeof the reflection
surfacefor abaselindengthof 250m, thatasmallerrorin thepitchangle will resultin a
largeincremenbf ms. Thesdwo importantconditionscanbeemphasizetdy additional
plots.

Figure5.4 illustratesa plot of m3 at multiple baselindengths,spanningfrom 25m to

250m. As an examplechooser.g to be —0.1mm. With a baselinelength of 250m,

it canbe derived from Figure 5.4 that a pitch angleof 4.4 x 10~"rad will resultin a
measuremeriengthof approximately2cm. However this configuratiorwill resultin a
negative ms for abaselindengthof 25m. This meanghatsomeavherein betweerthese
two baselindengths,n; is on thelasersurface.Hencethis configurationwill resultin

anunobserableworking point of the laser Thatis, the laserwill be reflectedbackto

thelasersourcewherea CCD would block theopticalpath.

Theonly configurationwhichwill resultin ms beingwithin thelimits of 2cm andabove
thelasersurfacefor all baselinesarethecombinationseartheorigin, i.e. aplacement
and pitch anglecloseto zero. Choosingr.s; = 0, the pitch angleis limited only by
therequirement®f thelongestbaseline. From Figure5.3 a maximumnumericalpitch
angleof —0.8 x 10~"radis foundwhenr.s; = 0. Giventhis configurationms canbe
plottedasa function of the baselindength,to illustratethe working areaof m5 for all
baselinesThis plotis shaovn in Figure5.5.

FromFigure5.5it is seerthatthereflectedaserbeams limited within therequirements
of theCCD.For baselindengthscloseto 25m and250m theworking pointof thelaseris
attheedgeof the CCD.However, asmentionedabove, m3 is very sensitve to parameter
adjustmentsyhichmeanghatthelasermustbemountedaccuratelyin amagnitudehat
is practicallyimpossible.

It canbe shawvn thatif thelaseris pointedatthe centerof the CCD, theworking areais
still too small. If theworking pointis choserto be at the centerof the CCD, the pitch
anglecanbefoundfrom Figure5.3to be —40 x 10~°radfor abaselindengthof 250m.
Thelimit of mj is at pitch angle—80 x 10~?rad, requiringthe errorin the pitch angle
to belessthan40 x 10~°rador —8.3 x 10~®mas Notethatevenif thelaseris mounted
atanexactangle theattitudecontrolsystemwill have to meetthe samerequirements.

Realizingthat the lasermetrologysystemis unfeasibleat large baselinesthe require-
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Figure5.4: Plot of thedistanceto the pointwhee thereflectedaserbeamhitsthesatel-
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mentsat minimumbaselindengthareinvestigated.

Figure5.6 shavs the configurationparameterst a baselindengthof 25m. Thefigure
is thesameasFigure5.2 exceptthat~ is scaledo shav theanglewherems will exceed
thelimits of the CCD.

In orderto allow largestpossibleerrorson the mountingof the laserandthe attitude
controlsystem theworking point of the laseris againchoserto be at the centerof the
CCD.Fromthedataplottedin Figure5.6it canbederivedthatchoosing.s; to bezero
andapitchangleof —4.0 x 10~ °radwill give thesoughtworking pointonthe centerof

the CCD. It is alsoderivedthata pitchangleof —8.1 x 10~°radis the pitchanglewhere
m3 leavesthe CCD. This meanghatfor a baselineof 25m, the error of the pitch angle
mustbe smallerthan4.1 x 10~°rad or approximately0.85mas Recallthatthis error
is the sumof the mountingerror of the lasersourceandthe attitudecontrol precision.
It canknow be concludedhat the lasemetrologysystemis unfeasiblefor all desired
baselindengths.

The only parametemwhich hasnot beeninvestigatedo this pointis the radiusof the
sphere. All the above valuesare basedon a sphereradiusof 0.5m. To illustrate the
effect of varying the radiusof the spherethe lengthof the measurementectorms is
plottedasa functionof the baselindengthfor a numberof sphereradii R,. Theplotis
givenin Figure5.7. Theparameters,.s; andy aresetto 0 and—0.8 x rad,respectrely.
Recallthatthesevalueswerefoundto limit m3 within therequirement®f the CCD for
all baselines.

It is seenfrom Figure5.7 thatthe working areaof mj is halved, whenincreasingthe
radiusof the sphereby a factor two. Sincethereis a similar linearity betweenthe
working areaof m3 andthe pitch angle,which canbe derved from Figure 5.4, the
requirementsf thepitch angleerrorcanbehalvedif theradiusof thespheras doubled.
The samdinearity alsomeanghatthe requirementsf the pitch anglecanbe halvedif

thesurfaceof the CCD s increasedy afactortwo.

However sinceafeasibleestimateof the controlprecisionof the satelliteis in theneigh-
borhoodof 10as the requirement®f the pitch angleshouldbe loweredby a factorin
the magnitudeof 10* for the smallestbaselinélength. This would requirea CCD of
12 x 12cm? or aspheregadiusof 2.7m, not consideringmountingerrors.

From the abore estimationsjt canbe concludedhatit is impossibleto configurethe
lasermetrologysystem,for all or even a single baselineconfiguration,whenusinga
reflectingsphere Thereasoris the high requiremenof the pitch angle,to whichm; is
highly sensitve. In orderto verify the results,the sourceof the vastgain of the pitch
angleto thelengthof themeasurementectoris identified.
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Figure5.7: Plot of thedistanceto the pointwhee thereflectedaserbeamhitsthesatel-
lite surface,as a functionof the satelliterefeencepositionrg, for sphee
radii of 0.25m, 0.5m, 1m, 2m, 4m.
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5.1 SphericalGain

Whenconsideringeflectionsthereflectionangleis of importance For areflectionona
planesurfacethereflectionangleis known to beequalto theangleof entranceFor the
sphericacasethisdoesnotapply Thereflectiononthespheras givenby thetangential
planeonthesurfaceof thereflectionpoint. The orientationof this planechangesasthe
reflectionpointchanges.

Considetthesetupin Figure5.8. Theentranceangleis the pitchangley. Thereflection
angled of thelaserbeam,is a function of the vertical angleof the tangentialplane
andthe entranceangley. Theangle is alsoa function of the entranceangley. The
lasercrosseshehorizontal,at adistance from the centerof thesphere.

Figure5.8 Setupfor investigatingthe gain of thereflectionangleé asa functionof the
entranceangle~.

Usingthis setup,the gainof the sphericareflectioncanbe calculatedor differentdis-
tancesj.e. baselindengths.In orderto calculatethe exit angled, theangles is found.
Usingsinerelationsof thetrianglecontainingtheanglesy, v» andé, yields

sin(o) _ sin(y)
I R

o=m—sin' <ésin(7)) (5.1)

b
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where R, is theradiusof the sphere.Note thatthe obtuseangleis found, becausehe
angles is alwayslargerthan /2, but the solutionof the inversesine functionis the
acuteangle.

Theangley of thetrianglecannow beexpressedisa functionof ~, by

p=m—0—vy
=sin™! (ésin(ﬂ) — 5 (5.2)

FromFigure5.8it is seerthattheangled canbe expresseds

§ =2+~ (5.3)

InsertingEquation5.2,yields

§ = 2sin™* <R%sin(fy)> — (5.4)

whichis thesoughtfunction,expressinghereflectionangleasafunctionof theentrance
angle. If v is assumedo be small, smallangleapproximationcanbe applied,which
gives

A2—y —>1 (5.5)

From Equation5.5 it is clear that the gain of the pitch angleis proportionalto the
baselindengthandinverselyproportionalto the radiusof thesphere.

Figure5.9illustratesthe gain of the entranceangleat differentbaselindengths,for a
sphericaladiusof 0.5m. It alsocontaingheline § = ~, whichis thereflectionanglefor
aplanemirror reflection.Thisline is approximateljhorizontal dueto thelarge gainsof
thesphericaimirror.

The gainsof the reflectionsin Figure5.9 arealsostatedin Table5.1, calculatedusing
Equation5.5.

The gainfactorsof Table5.1 canbe verified by observingFigure5.9. The calculated
gainsreflectthe problemof the previous section,whereit is concludedhatthe length
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Figure5.9 Plot of the reflectionangle§ as a function of the entranceangle~, for a
planemirror reflectionandthereflectionsof a sphee with radius0.5m, for

baselindengthsof 25m, 100m, 150m, 200m and250m.
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BaselineLength [m] | Gain Factor
25 100
50 200
100 400
150 600
200 800
250 1000

Table5.1 Gain factorsof a sphericalreflectionat different baselinelengths,givena
sphee radiusof 0.5m.

of the measurementectoris too sensitve to pitch angleerrors. The problemcanbe
isolatedto thereflectionangle,given by the approximatiorof Equation5.5. Basedon
this obsenation,it canbeconcludedthatthelasermetrologysystems unfeasiblewith
asphericareferencesatellite.



Chapter

KalmanFilter

In orderto estimatehe statevectore from the noiseinflicted measurementgs,Kalman
filter is designed. It is chosento designa continuous-discret&alman filter, which
reflectsthetruebehaior of thesystem A continuous-discretiter is usedfor acontin-
uoussystemwith discretemeasurementsjnceit is basedon a continuoudifferential
equationandadiscreteoutputequation.

The Kalmanfilter propagates previous estimationof the statesusingthe statespace
equationsandcorrectghepropagatiorusingmeasuregtatesin thefollowing sections,
the Kalmanfilter is describedn general followed by the derivation of a steady-state
Kalmangain. Finally the systemstatespacesquationsisedfor thefilter, areexpanded
in orderto estimatedisturbances.

6.1 GeneralDescription

Thissections basedntheworkin [MohinderS. GrewalandAngusP. Andrews,1993].
The Kalmanfilter is basedon a generalstate spacedescription. For a continuous-
discretefilter, the model differential equationis continuousand the output equation
is discrete.Themodeldifferentialequations written

e(t)=F()a(t)+GH)ult)+w() (6.1)

wherew (t) is a vectorof randomvariables,representinghe processnoise,which is
assumedo be Gaussiamwhite noise.Thestatisticsof w (t) are

85
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E(w () = 0 (6.2)
E(w(t)w' (t+7)) =Q(t)5(r) (6.3)

whereE (w (t)) is the expectedvaluefunction,andé (¢) is Dirac’s deltafunction. The
discreteoutputequations written

Z = Hk:Bk + v (64)

wherew,, is a vectorof randomvariablesyepresentingneasurementoise,assumedo
be Gaussianwhite noisewith statistics

E(vy) =0 (6.5)
E(vk'vk+n) = RkA (n) (66)

whereA (n) is the Kroneckerdeltafunction. Notethe shorthand

xz, =z (kT) (6.7)

whereT is thetime periodbetweersamples.

Startingwith anestimateattime (k7'), denotedz;,, the predictorof thefilter calculates
ana priori estimateusing Equation6.1. The propagateestimatedenotedz, ,, is an
estimateof the stateat time (k7' + T'), basedonly on the dynamicsdescribedoy the
differentialequationof the system. Given the measurementattime (k7T + T') zp41,
the a priori estimatecanbe correctednto the a posterioriestimateat time (kT + T),
denotedey .

Thecovariancematricesof thea priori andaposterioriestimatiorerrorsattime &7, are
definedas

P, = E([er - &7] [on - 7)) 6.8)

P, =E ([iﬂk — &) [2r — iﬁkf) (6.9)

Theapriori estimateof P is propagatedisingthedifferentialequation



6.1 General Description 87

P(t)=F(t)P(t)+P(t)F (t)+Q(t) (6.10)

derived in [Mohinder S. Greval and AngusP. Andrews, 1993]. As with the statees-
timate, the a posterioricovariancematrix Py, is obtainedby correctingthe a priori

covariancematrix 13;+1- An illustration of the Kalmanfilter is givenin Figure6.1.

Notethattheclosedoop of theKalmanfilter requiregnitial valuesof the stateestimate
andcovarianceof the estimatiorerror, denotedz, and P, respectiely.

I:)k+1 Xk+1
N
Po |
A~ Predictor Corrector [~ Zk
Xo
IDk+1
Xk+1

Figure 6.1 lllustration of the Kalmanfilter.

The correctorof thefilter updateghe predictedestimatesisingthe outputequationof
Equation6.4 andthe measurementector z;. The updateof the stateestimateas given

by

whereK, is theKalmangain. TheKalmangainis calculatedusing

-1

K, = P H] [Hki?,j H + Rk] (6.12)

It is importantto note from Equation6.11, that the Kalman gainis a weight factor,

which weighsthe updateof the prediction. From Equation6.12it is seenthatif Ry

approachegzero, the Kalmangainwill increase.This resultsin a large updateof the
prediction,which meansthat the measuremens weighedhigherthanthe prediction.
If P approachegero,the Kalmangainwill decreaseandthe predictionis weighed
higher When R;, and P increasethey will have the oppositeeffectson the Kalman
gain.

Thecorrectorequatiorfor the covariancematrixis
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A —

P, =P, — K.H,P, (6.13)

whereK . is the Kalmangainof Equation6.12.

6.2 Steady-StateKalman Gain

The Kalmanfilter requiresthe computationof a Kalman gain betweeneachsample.
For time invariantsystemsthis gainwill cornvergeto aconstantnamedhe steady-state
Kalmangain,whichcanbefoundprior to use.In thefollowing, the steady-stat&alman
gainis derwved.

FromEquation6.12,it is seerthat K ;. varieswith the covariancematrix prediction.For
time invariantsystems H; and R,. areconstanthenceif a steady-statsolutionof the
covariancematrix canbe found, this solutioncanbe usedto calculatethe steady-state
Kalmangain.

In orderto find the steady-stateovariancematrix, denotedP .., the equationf the

predictorand correctormustbe combined. Sincethe predictoris givenin continuous
time andthe correctorin discretetime, theequation®of the correctoraretransformedo

continuoudime. Thetransformatiorof the correctorequationjs basedon the calcula-
tion of theKalman-Bug filter in [MohinderS. Grewal andAngusP. Andrews, 1993].

Thepropagatiorof thecovariancematrixis accomplishedsingthedifferentialequation
of Equation6.10. However it is only propagatedn a time interval of kT, usingthe

correctedralueasinitial state. Thecorrectorequations acorrectionof thepropagation,
which canbeinserteddirectly Equation6.10,as

PH)=FH)P(t)+P()F"(t)+Q(t)— K (t) H (t) P (t) (6.14)

which requiresthatthe Kalmangain canbe expressedn continuougime. Findingthe
limit of the Kalmangain of Equation6.12, whenthe samplingperiod T approaches
zero,is accomplishedising

. K, T 1 .- T AT oy T -1
lim (T) = lim <fpk H] [HkPk HI + Rk] ) (6.15)

Thediscretemeasurememioisecanbewritten in termsof the continuousioisematrix,
as
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R(kT)

Ry, = T

(6.16)

assuminghatthevarianceof the noiseis constanbver thetime internval 7'. Insertedn
Equation6.15,gives

K " . -1
lim <Tk> — lim (Pk HT [HkPk HIT + R(t)] )

K(t)=P(t)H" (t)R™' (1) (6.17)

The steady-statef P will resultin zerodynamicswhich meansthat the differential
equationof P in Equation6.14canbe setto zero,andis written, usingEquation6.17,
as

FOOPH)+PHOF )+ Q(t)— PO H ()R (1) H(H)P(t)=0 (6.18)

Equation6.18 takesthe form of an Algebraic Riccati Equation. The solutionto this
RiccatiEquationis thesteady-stateovariancematrix P,. Thematrixis obtainedusing
Xmath, hencethe analyticsolutionwill notbediscussedh this project.

Given P, the steady-staté&almangain K ., canbe calculatedusing Equation6.12,
giving
~ ~ -1
K. =P _H! [HkPOOHZ + Rk] (6.19)

Recallthat H; and R;, aretime invariant,henceK ., canbe calculatecdbnce,andused
in thecorrectorasa constant.The Kalmanfilter is thensimplifiedto two equationsThe
predictionof the state usingthe systemdifferentialequation andthe corrector:

@(t)=F(t)z(t)+ Gt u(t) (6.20)

whereK , is calculatecdusingEquation6.19.
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6.3 StateExpansion

Thissectiorredefineshestatespaceequationsisedfor theobserer, in orderto estimate
thedisturbances.

In Chapter4 on page45 several sourcesof disturbancesire described.Thesedistur

bancesncludesolarpressureandhardwarebiasesandwhite noise. Of these the most
significantis thesolarpressureTheremainingdisturbanceareassumedo be nggligi-

ble. Thisis aresultof atradeof betweemmodelcompleity andmodelprecision.

Thestatevectorz is expandedo be

z=| rg (6.22)

fSun

The solarforce is modeledwith zerodynamics,sincethe modelalreadyis linearized
aroundaworkingpoint. Thiscanalsobeseernfrom Equatiord.76on page63, whichis
constantwwhenusingsmallangleapproximationsThe solartorqueof Equation4.770on
page63 canbewrittenas

nsun = S(rcop) fsun (6.23)

whereS (rcop) is thecrossproductmatrix functiondefinedn Equatiord.47on pages6.

Combiningtheabore with thesystendifferentialequatiorof themodelin Equatiord4.84
on page66, the statespacaifferentialequationof theobserer canbe written
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Chapter ;

Controller

Thischapterdescribeshecontrollerusedfor thesystem A controlleris neededo bring
thesatellitego referencegositionandcounteracthedisturbancesf thesystemmainly
solarpressurelt is assumedhattheinitial conditionsof thesystemareclosereference.
Hencecollision avoidances ignored.

The requirement®f the controllerare derived from the intendedrequirement®f the
DARWIN mission. Theserequirementsrediscussedn the following section. Subse-
guentthe designof the controlleris described.

7.1 Requirements

The SMART-2 missionis to shawv thefeasibility of the DARWIN mission,hencethere-
quirement®f thecontrolleris derivedfrom the DARWIN missionspecificationsHow-
ever the specificationof the DARWIN missionis conditionedby the developmentof
high precisionstartrackersandfringe trackers Hencetherequirementsf the SMART-
2 missionshouldbe basedn the hardwarecapabilities.

The requirementof the DARWIN missionare derived in AppendixA on pagelll.
Sinceit is assumedhatthe wide field cameraswhich arehigh precisionstartrackers,
areunavailablefor SMART-2, the requirement®f the SMART-2 control systemwill

be thoseof the baselinecontrol mode (BCM). This meansthat the attitudeis to be
controlledwithin 10asandthe baselinewithin 1cm, asstatedn TableA.1 on pagell4.
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7.2 Design

This sectiondescribeghe designof a controllerfor the system.lt is basedon thelin-
earquadraticdesignmethoddescribedn [lan Hesselbey Rasmusseri,998]and[Dan
Bhanderietal., 1999].

Thecontrollerof thesystemis designedo minimizea performancendex, by selecting
afeedbaclgain L, which movesthesystenpolesto anoptimalplace.Theperformance
index is a quadratidunctionof the statesandinput signals givenby

I= / (e™We +u'Vu)dt (7.1)
0

whereW is an by n quadraticmatrix weighingthe » statesof the systemandV is
am by m quadraticmatrix weighingthe m control signals. The choiceof the weight
matricesis to someextenddoneby trial anderror A goodinitial valueof W andV
is the inverseof the squarednaximumvaluesof the statesand control signalsin the
diagonallan Hesselbay Rasmusser,998].

Using the Xmathfunctionlqgltr, the gainmatrix L hasbeenfound. The controlsignal
u is thengivenby thecontrollaw

u—=—Lx (7.2)

The controllerhasbeenimplementedn a simulationprogram,andthe obtainedresults
arediscussedn thefollowing chapter
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Simulation

This chapterdiscusseghe simulationimplementatiorandresultsof the model,estima-
tor andcontroller derivedin the previouschapters.The systemis simulatedn Xmath,
which is comparableto the well knowvn programMatlah Like Matlab’s Simulink,
Xmath hasa graphicalimplementationervironmentnamedSystemBuild, wherethe
equationanbe implementedoy connectingsignalsbetweenblocks. The integration
algorithmusedin SystemBuild is Kutta-Mersorif noneotheris specified.

The purposeof the simulatoris mainly to verify the functionality of the KalmanFilter
andLQG controller usedwith the lasermetrologysystem. However, sincethe laser
metrologysystemhasbeenfoundto beinapplicabledueto the circumstancediscussed
in Chapter5 on page71, the modelof the lasersystemis removed, andit is assumed
thattherelative positioncanbe measuredy othermeans.

In additionto verifying the filter and controller their performancas investigatedjn
orderto evaluatehardwareaequirements.

8.1 Implementation

Theimplementatiorof the systemis donein SystemBuild. Figure8.1is a screershot
of the SystemBuild implementatiorof the system. To the right is the Kalman block
which estimateshe statesrom themodelblock, in the middle of thefigure. The states
of themodelarebiasedandaddedwith white noise,simulatingsensomnoise.Whenthe
stateshave beenestimatedthe control signalsarecalculatedoy the two gain blocksto
the left, andthe signalsare quantizedandlimited in magnitude simulatingthe FEEP
thrusters.

Due to the limited time frameof the project,certainelementgreviously intendedfor
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Figure 8.1 Overviav of theimplementationn SystenBuild.

implementatiorareleft out:

¢ Time quantizationof FEEPthrusters,simulatinga minimum thrusttime. It is
expectedthatthe minimumperiodof thrustis smallfor FEEPs.

¢ Estimationof the solar pressure. The Kalmanfilter is only implementedwith
twelve states|eaving out f g,

e Gyroscopdrift. Only the biasandwhite noiseis addedto the angularvelocity
stateto simulategyroscopenoise.

TheKalmanfilter hasbeenmplementedsacontinuous-continuouster, whichmeans
thatthe correctorpartin Equation6.21on page89,is derivedasa continuousequation.
Sincethe Kalmangainis constantpnly the measurementectoris discrete andhasto
be madecontinuous Simulatingon acomputertheonly differences thatthetime step
of the correctoris given by the time propagatiorof the simulation,sincea computer
cant simulatein continuougime.

In order for the Kalman filter to converge, it hasbeennecessaryo assumethat all
twelve statesare measurable.Hencethe matrix H in the measuremeng¢quationof
Equation4.850n page66 becomeshe 12 by 12 identity matrix.
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Thelasersystems implementedastwo blocks. Oneblock calculategshe measurement
vectoron the CCD, andthe distanceof the optical path. The othercalculateghe state
from the measurementector distanceand the satelliteattitude. It is left out of the
main implementationput usedfor the analysisof the laserconfigurationdescribedn
Chapter5 onpage71.

The systemhasonly beensimulatedwith a single satelliteand the sphere sincethe
simulationof a secondsatelliteis donein the sameway.

8.2 Model

The modelof the attitudeandrelative positionof the satelliteis implementedasnon-
lineardifferentialequationsin additionthesolarpressurdasbeenaddedasdisturbance
to the system.Leaving the systemin aninitial state,the solarpressurewill makethe
systemdiverge, implying the needof a control system. Figures8.2 and 8.3 shaw the
uncontrolledattitudeandrelative positionasfunctionsof time.
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8.3 Estimator

The measurementsf the sensorhardwares simulatedwith biasandwhite noise. In
orderto achieve animproved estimateof the true positionandattitude,a Kalmanfilter
is implemented Figures8.4 and8.5 shaws the error betweerthe true statevector and
theestimatedpositionandattitude,respectrely.
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Figure 8.4 Error of therelativepositionestimate

It is seenthat the filter cornvergesto the the true stateswithin ten seconds.That the
estimatedtateis betterthanthemeasuredalues canbeverifiedby calculatingtheroot
meansquaredRMS) valuesof theerrorsin estimatesandmeasurementsigure8.6is
a plot of the measuredestimatedandtrue valueof the secondelementin the attitude
guaterniorof the satellite.

The RMS valuesareshowvn in Table8.1. The measurementsredoneby startrackers,
with a precisionof 10as andwhite noiseis addedaccordingo this. White noiseof the
samemagnitudes addedto theangularvelocity.

It is seenthat the estimateimproves the obtainedstateby approximately33%. The
RMS valuesof the positionmeasurementandestimate$iave alsobeenevaluatedand
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‘ RMS
Measurement | [24.7 x 107¢]°
Estimate [16.6 x 1079]°

Table8.1: RMS values associatedwith the secondelementof the satellite attitude
guaternion.
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Figure8.6. Themeasued, estimatedandtrue valueof the satellitequaternions second
elementj,.
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areshavn in Table8.2. It is assumedhattherelative positioncanbe measureavith a
precisionof 0.1mm andtherelative velocity with a precisionof 0.1mm/s.

| RMS
Measurement | 0.111 x 10~3m
Estimate 69.9 x 107°m

Table 8.2 RMSvaluesassociatedvith thefirst elemenof therelative positionvector

In this casethe estimatds approximately37% betterthanthe measurement.

Fromtheabore, it canbe concludedhatthe Kalmanfilter worksasintended.andim-
provestheobtainedstatevectorwith approximateh\33%, whencomparedvith themea-
suredstatevector

8.4 Controller

The attitudeandrelative positionof the satelliteis soughtcontrolled,to counteracthe
solarpressureThecontrolleris actuallytwo independentontrollers.Figure8.7 shavs
the controlledattitudeparameterslt is seenthatthe parameterapproacheghe refer
encevalueof zero. However it takesapproximately700s, dueto the limits in thrust,
which is approximately0.4mN per thruster[Bonnet, 2000]. In addition, thereis an
overshoowhich canbeavoidedby usingadifferentcontroller Thisis importantfor the
fuel/enegy budgetof the satellite. This hasnot beeninvestigatedurtherin this project.

Figure8.8 shavs the controlledvelocity vector As with the attitudeparameterghere
is anovershootwhich suggests controllerredesignjf thefuel/enegy budgetis to be
optimized.

Thefirst elemenbf r, which hasreferencalifferentfrom zero,takedongerto corverge
thantheothertwo elementslf thereferencas changedo zero,it cornvergesin thesame
time astheothers.This suggestshatthereferencas introducedn a non-optimalplace
in the system.In Figure8.1 on page96 it canbe seenthatthe references subtracted
from the estimatedstate. The referencecanbe moved to a differentplacein theloop,
to optimize systemperformancgGeneF. Franklin et al., 1994]. This hasnot been
investigatedurther.

Thecontrolledattitudeparameterbave RMS valuesof 21as whenthereferencevalues
have beenreached.This is basedon measurementwith a white noiseof 10as Due
to the requirementof attitude control within 10as as mentionedin Section7.1, the
controllershouldberedesignedSincethe controlleris asimpleproportionalcontroller,
aredesigrcouldimprovetheprecisionnoticeable However, with the currentcontroller,
ameasuremergrecisionof 5aswill resultin aRMS valueof 10.5as whichmeanghat
betterhardwarewill makethe currentsystemmeettherequirements.
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Figure 8.8 Plot of the contmwlled relative positionvectorof the satellite Therefeence
positionof the satellitehasbeenmadesmallerfor betterillustration.
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The controlledpositionelementhave RMS valuesof 0.2mm. This is vastlymorepre-
cisethanthe requiremenbf 10mm. However the sensorsare assumedo be precise
within 0.1mm, which may be optimistic. With the currentsystem,a precisionwithin
Immwill resultin RMS valuesof 3mm, whichis still well within therequirementsin
addition,with a bettercontroller the hardwareprecisioncouldbe evenless.
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Chapter

Conclusion

The main purposeof this projectwasto investigatethe feasibility of usinga spherical
mirror togetherwith two othersatellitesfor SMART-2, in orderto form a formation,
thatcoulddemonstratéormationflying, precedinghe DARWIN mission.Theuseof a
sphericamirror wasintendedo minimizethecostsof the SMART-2 mission.A mirror
wassuggestedn orderto apply a lasermetrologysystemproposedor the DARWIN

mission.

A mathematicaéinalysisof thelasermetrologysystemin conjunctionwith a spherical
mirror was done. Equationsfor obtainingthe relative position of the satellites,with

respecto the sphericalmirror, giventhe measuremerdf attitudeby startrackershave

beenderived.

In additiona RF metrologysystemis proposed.This systemis suggestedn orderto
enablethe lasermetrologysystemfrom randomconditions. No in-depthinvestigation
wasperformedandcollision avoidancewasignored.

Basedon the mathematicatlescriptionof the lasermetrologysystem,a suitablecon-
figurationof the systemwasanalyzed.This studyprovedthatthatthe mountingof the
laserwaslimited dueto thevastgainof thereflectionangleof thelaserbeam.Thisgain
resultedin the needof unfeasiblerequirementd¢o mountingprecisionof the laser or
unrealisticrequirement$o CCD or spheresizes.

Basedon theseresultsthe useof a sphericaimirror wasfoundto beinapplicable.Due
to this conclusionaninvestigationof thefollowing areasvassetaside:

¢ Requirementso geometricaprecisionof thesphericamirror.

¢ Precisionof centerof mass.
If the centerof massis not at the centerof the spherethe rotationof the spherewould
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influencethereflectionof thelaserbeam.Distortionof the reflectionmayalsooccuras
aconsequencef usinga non-perfecsphere An investigationn theseareasouldalso
concludethe in-feasibility of usinga sphericalmirror for SMART-2. It may alsolead
to the conclusionthatthe requirement®f the sphericamirror would makeproduction
costsexceedthe prize of usingthreefully equippedsatellites. This investigationhas
beenignoredin this project,sincethe sphericamirror is alreadyfoundto beinapplica-
ble.

For theeducationapurposeof the project,it wasassumedhatthe positionof the satel-
lites could be obtainedby other means,and mathematicamodelsof attitudeand po-
sition of the satelliteswerederived. In additiona Kalmanfilter anda controllerwere
designed.The systemwasimplementedn Xmath, andsuccessfullysimulatedin the
graphicalsimulationervironmentSystemBuild.

The simulationshaved thatthe systemwould diverge dueto the solarpressurewhich
was expected. The controllerwas ableto keepthe positionwell within the required
maugin of 1cm. In orderto meettherequirementsf theattitude the performancef the
startrackershadto bechangedrom a precisionmagin of 10asto 5as However dueto

thelimited time frameof the project,a singleproportionalcontrollerwasdesigned A

controllerredesigrcouldconfirmthetherequiremendf 10as

The Kalmanfilter wasprovedto increasehe estimateof the measurementsy approx-
imately 33%. The Kalmanfilter wasnot expandedo 15 statedn orderto estimatethe
solarpressuresincea steadystateKalmangaincould notbe foundbeforethe deadline
of theproject.

Themaingoalof the projectwasto studythefeasibility of usinga sphericamirrorin a
lasermetrologysystem.This goalhasbeensuccessfullyachieved.
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Appendix l \

Introductionto DARWIN

Thissectionis anintroductionto theconcepbf theDARWIN project,whichis currently
beingdevelopedatthe EuropearSpaceAgeny (ESA). Themaingoalof the DARWIN
projectis to identify Earth-likeplanetqconsideringemperaturandatmospheredrbit-
ing distantstars. This is only possibleusinganinterferometerbecaus®f the contrast
betweerthe starandthe planet,which makesa planetundetectableisingconventional
telescopes.

Figure A.1 shaws the formationintendedfor the DARWIN satellites. At the bottom
is the satelliteusedfor communicatiorwith the groundstation. Throughthis satellite
all the satellitescanbe controlled. Above the communicatiorsatellitearesix satellites
which spana plane.In the middleis the hub satellite,which collectsthereflectedight

from the surroundingelescopédlyers. Thenumberof telescopélyersis notgiveneven

thoughtheillustrationshavsfive.

Theline betweentwo telescopdlyersis calleda baseline.lf interferometryis usedon
thelight from two telescopdlyers,destructve interferencewill filter thelight from the
starout of the signal,andin additionit will gainthe light from the planetat angleé,
usingconstructve interferencgseefFigureA.2). Theangleof whichtheinterferometry
will gainthe light signal,is conditionedby the positionof telescopdlyers relative to
eachother

The interferometryequipments placedin the hub satellite. Sincethe optical path of
the light signal mustbe precisewithin approximately8nm, an internal delay line is
implementedWithouttheinternaldelayline, thedistancebetweereachof thetelescope
flyers and the hub would have to be setandkept within the 8nm thresholdwhich is
practicallyimpossible. The internaldelaylines consistof mirrors, which canshorten
or lengthenthe optical pathin orderto meetthe requirements.The differencein path
lengthsbetweerlight signalsfrom two telescopdlyersis the optical pathdifference.
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FigureA.1: lllustration of the satellitesin the DARWIN project. The hub in middle
surroundedby the telescopdlyers. At the bottomis the satellite usedto
communicatevith Earth [ESA,2000].
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combining of +AJ2 -
beams

FigureA.2: Theinterferometryprinciple. Thetwo telescopdlyersT1andT2reflectthe
light signalto the hub, which usesinterferometryto filter the signal [ESA,
2000].

A.1 Control Requirements
The DARWIN missioncontrolmodeshave beendividedinto threephases:

¢ BaselineControlMode (BCM)
¢ FringeAcquisitionMode (FAM)

¢ NormalOperationMode (NOM)

Theperformancendrequirementsf thesystemwhichis summarizedn thefollowing,
is statedn [Bonnet,2000].

The BCM modeusesan RF rangingin orderto configurethe array from an initial
distribution of the satelliteswithin a sphereof 15km, to the requirement®f the FAM
in orderto establishanopticallink betweerthe satellites FAM usedasermetrologyto
acquirethefringe measurablen thefringe trackers.Oncea fringe hasbeenacquired,
theNOM will usethefringe trackergo controlthe OPD.

In BCM the randomattitudeand positionof the satellitesrequiresan omni-directional
rangingsystem. For this purposethe RF rangingis used. Attitude measurementare
acquiredby startrackers. As control actuatoramN field emitting electric propulsion
(FEEP)thrustersareused,asopposedo N FEEPthrustersjn orderto minimize the
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time usedto configurethe formation. Note that BCM is alsousedwhenslewing the
array LOS towardsa new targetstar Whenthe baselinesof the array are controlled
within 1cm, andthe attitudeof the flyers within 10asat samplingfrequeng of 10Hz,
opticallinks for thelasermetrologyareestablishedhenceFAM is entered.

Basedon the lasermetrologyandWide Field CamerasFAM usesuN FEEPthrusters
to meettheinitial requirement®f the NOM. Theattitudeof the satellitesmusthave an

overall attitudeaccurag belov 5mas andthe drift of the optical path mustbe below

0.5um/s. The out-of-planedrift, causedby rigid rotationsof the formation mustbe

controlledwithin 25;m at a samplingrateof 10Hz. Theserequirementsnustbe met
until afringeis acquiredon thefringe trackers.

UponenteringNOM the maincontrolrequirements to keepthe optical pathdifference
betweerthelight from two Telescopéd-lyersbelonr 20nm. Thisis accomplishedising
thefringe trackersplacedin the hubsatellite.

Therequirementsf thethreemodesaresummarizedn TableA.1.

BCM
Attitude control 10as@10Hz
Baselinecontrol lcm
FAM
Attitude control (overall accurag) 5mas
Rigid rotationcontrol 25um@10Hz
OPDdrift 0.5um/s
NOM
OPD 20nm

Table A.1: Summanyf thecontol requiementsn ead opelation mode
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Quaternions

This chapteris a brief descriptionof the quaternionsand their algebra. It is based
on[JamesR. Wertz,1978]but modifiedto the notationusedin this project.

Quaternionss oneof mary waysto represenattitude. Thequaterniorhastheadwantage
of beingwithout singularitiesfor all attitudes.

A quaterniony is definedby its four vectorelementsy, g2, ¢z andqs, as

a=q +iq+ g+ kq = 1 (B.1)

wheres, 5 andk arehyperimaginarynumberssatisfying

2=t =k =1 (B.2)
ij = —ji = (B.3)
k= —kj=i (B.4)
ki=—ik=j (B.5)

Thefour parametersf a quaternioraresubjectto the constrainthat

GH+a+ata=1 (B.6)
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which meansthat the quaternionhasthree degreesof freedom,correspondingo the
minimumsetof parameterseededor attituderepresentatiopJamesR. Wertz,1978].

Thefirst elementy; of the quaterniong is namedthe scalarelementandthe 2nd, 3rd
and 4th the complex elements. The complex part of the quaternionis written gq,_,,
hencea quaterniormaybewritten

q1
= B.7
q {‘12-4] (B.7)
A rotationA¢ aroundaunit vectoru, is representely thequaternion

g— { COS(A_{%} (B.8)

usin (52

The complex conjugateof thequaternions definedas

@ =q—i@g—jg—kqu= [ @ ] (B.9)
—qy_4
Notethat
1
0
qq” = 0 (B.10)
0

whichis theunit quaterniorrepresentinghe zerorotation,i.e. norotation.

Theproductof two quaterniong andq’ is definedin matrixform as

Q —% —¢ —4| ¢

/ / / v
" / (]? _(]1/ (];1 5]3 q2 (B.ll)
93 94 4 93 q3
U G —% ¢ ] |

Note thatthe multiplication of quaternionss not commutatve, which is alsothe case
for attitudematrices.
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Representinghe attitudeof g by the attitudematrix A (¢), the rotation sequencef
EquationB.11, canbewrittenin termsof theassociateattitudematricesas

A(")=A(d)A(q) (B.12)

Notethereverseorderof multiplication.



